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PERIODIC MEASURES AND PARTIALLY HYPERBOLIC
HOMOCLINIC CLASSES
CHRISTIAN BONATTI AND JINHUA ZHANG
Abstract. In this paper, we give a precise meaning to the following fact, and we
prove it: C1-open and densely, all the non-hyperbolic ergodic measures generated
by a robust cycle are approximated by periodic measures.
We apply our technique to the global setting of partially hyperbolic diffeo-
morphisms with one dimensional center. When both strong stable and unstable
foliations are minimal, we get that the closure of the set of ergodic measures is the
union of two convex sets corresponding to the two possible s-indices; these two
convex sets intersect along the closure of the set of non-hyperbolic ergodic mea-
sures. That is the case for robustly transitive perturbation of the time one map of a
transitive Anosov flow, or of the skew product of an Anosov torus diffeomorphism
by rotation of the circle.
1. Introduction
1.1. General setting. The dynamics of the (uniformly) hyperbolic basic set is con-
sidered as well understood, from the topological point of view as well as from the
stochastic point of view. This comes in particular from the existence of Markov
partitions which allows us to code the orbits by itineraries on which the dynamics
acts as a subshift of finite type. Moreover, these itineraries can be chosen arbitrar-
ily, allowing to build orbits and measures with a prescribed behavior. One classical
result (Sigmund, 1970) is that any invariant probability measure µ supported on
a hyperbolic basic set is accumulated in the weak∗-topology, by periodic measures
(i.e. atomic measures associated to a periodic orbit) whose support tends to the
support of µ for the Hausdorff distance. In particular, the closure of the periodic
measures is the whole convex set (more precisely the Poulsen simplex) of the invari-
ant probability measures. This property extends to dynamics with the specification
properties.
The dynamics on a non-trivial hyperbolic basic set is chaotic. Sigmund’s theorem
tells us that any complicated behavior can be described by the simple one in the
sense of measure. For example, we know that any C2 volume preserving Anosov
diffeomorphism is ergodic and the whole manifold is a hyperbolic basic set; Sig-
mund’s theorem implies that this volume (whose support is the whole manifold) can
be approximated by periodic measures which are only supported on finite points.
On the other respect, S. Smale and R. Abraham [AS] show that hyperbolic diffeo-
morphisms are not dense among C1 diffeomorphisms on a 4-dimensional manifold,
and C. Simon [Si] gives the first such kind of example on a 3-manifold. From the
1
2 CHRISTIAN BONATTI AND JINHUA ZHANG
topological point of view, [Sh] and [M1] gave examples of robustly transitive non-
hyperbolic diffeomorphisms on T4 and on T3 respectively, then [BD1] gave more
general examples of robustly transitive non-hyperbolic diffeomorphisms.
The aim of this paper is to investigate to what extent these properties can be
extended in a non-hyperbolic setting. Many results have already been obtained:
In 1980, A. Katok [Ka] proves that any hyperbolic ergodic measure is accumulated
by periodic measures. This result requires the C1+α setting, and is wrong in the
general C1 setting (see [BCS]). Nevertheless, this result has been extended by [C] in
the C1-setting in the case where the stable/unstable splitting of a hyperbolic ergodic
measure is a dominated splitting. Even in the smooth setting it is not true in general
that the closure of the ergodic measures supported on a homoclinic class is convex
(see for instance counter examples in [BG]).
Question. Consider a Cr-generic diffeomorphism f and a (hyperbolic) periodic
point p of f . Is it true that the closure of the set of ergodic measures supported
on the homoclinic class H(p, f) is convex?
This question remains open in any Cr-topology, r ≥ 1. Let us mention that, in the
C1-generic setting, [ABC, Theorem 3.10 and Proposition 4.8] show that the closure
of the set of periodic measures supported on a homoclinic class of a C1-generic
diffeomorphism is convex.
From the stochastic point of view, it was natural to ask: is it possible to build
diffeomorphisms which robustly have non-hyperbolic ergodic measures? [KN] gave
the first example of the robust existence of non-hyperbolic ergodic measures, for
some partially hyperbolic diffeomorphism whose center foliation is a circle bundle.
Recently [BBD] proved that the existence of non-hyperbolic measures is indeed C1-
open and dense in the set of diffeomorphisms having a robust cycle.
Our main results consist in a precise analysis of the periodic orbits whose existence
is implied by a robust cycle as the ones considered in [BBD]. Using a shadowing
lemma in [G1], we show that every non-hyperbolic measure in a neighborhood of the
robust cycle is accumulated by hyperbolic periodic measures. Putting the criteria of
[GIKN] together with the shadowing lemma in [G1], we also show that the closure
of the set of these non-hyperbolic ergodic measures is convex.
2. Precise statement of the results
2.1. Partial hyperbolicity and robust transitivity. Our main technical results
consist in a local analysis of the periodic orbits appearing in a robust cycle. We
present here the consequence of this local analysis in the setting of robustly transi-
tive partially hyperbolic diffeomorphisms with one dimensional center. In order to
present our results, we need to define carefully this setting and to recall some known
results.
We say that a diffeomorphism f of a compact manifold M is robustly transitive
if there is a C1-open neighborhood Uf of f in Diff1(M) so that any g ∈ Uf is
transitive, that is, g admits a point whose orbit is dense in M . We denote by
T (M) ⊂ Diff1(M), the set of robustly transitive diffeomorphisms. It has been shown
by M. Shub [Sh] and R. Man˜e´ [M1] that the sets of robustly transitive non-hyperbolic
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diffeomorphisms are not empty on T4 and on T3 respectively. By definition, T (M)
is a C1-open subset of Diff1(M).
Let f : M → M be a diffeomorphism on a compact manifold M , and let K ⊂ M
be a compact invariant subset. In the literature, there are several different notions
of partial hyperbolicity. In this paper, we say that K is partially hyperbolic with
1-dimensional center if the tangent bundle TM |K of M restricted to K admits a
Df -invariant splitting
TxM = E
ss(x)⊕Ec(x)⊕Euu(x),
where:
• the dimensions of Ess(x), Euu(x) are strictly positive and independent of
x ∈ K and dim(Ec(x)) = 1;
• there is a Riemannian metric ‖.‖ on M so that, for any x ∈ K and for any
unit vectors u ∈ Ess(x), v ∈ Ec(x) and w ∈ Euu(x) one has:
‖Df(u)‖ < inf{1, ‖Df(v)‖} ≤ sup{1, ‖Df(v)‖} < ‖Df(w)‖.
In many usual definitions, the inequality of the second item only holds for fN for
N > 0 large enough. The fact that one can choose the metric so that N = 1 is due
to [Go]. When K =M , one says that f is partially hyperbolic with one dimensional
center bundle.
We denote by PH(M) ⊂ Diff1(M) the set of partially hyperbolic diffeomorphisms
with one dimensional center bundle. The partially hyperbolic structure is robust,
hence PH(M) is an open subset of Diff1(M).
LetO(M) ⊂ Diff1(M) denote the set of partially hyperbolic (with one dimensional
center), robustly transitive diffeomorphisms on M . In other words
O(M) = T (M) ∩ PH(M).
It has been shown in [BV] that there exists a robustly transitive diffeomorphism
which has no uniformly hyperbolic invariant subbundles, hence, in general, the set
T (M) is not contained in PH(M).
2.2. Strong stable and strong unstable foliations. Recall that for any partially
hyperbolic diffeomorphism, there are uniquely defined invariant foliations F ss and
Fuu tangent to Ess and to Euu respectively. Our results will depend strongly on the
topological properties of these foliations, and more specifically on the minimality of
these foliations. We recall now known results on this aspect.
Recall that a foliation F is minimal if every leaf of F is dense. We say that the
strong stable foliation of f is robustly minimal if the strong stable foliation of any
diffeomorphism g C1-close enough to f is minimal.
Remark 2.1. If the strong stable foliation F ss of a diffeomorphism f ∈ PH(M) is
minimal then f is transitive (and indeed topologically mixing).
We denote by Us(M) (resp. Uu(M)) the subset of PH(M) for which the strong
stable (resp. strong unstable) foliation is robustly minimal. We denote U(M) =
Us(M) ∩ Uu(M) the set of diffeomorphisms in PH(M) whose both strong stable
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and unstable foliations are robustly minimal. By definitions, Us(M), Uu(M) and
U(M) are C1-open subsets of PH(M) and therefore of Diff1(M).
According to Remark 2.1, the sets Us(M) and Uu(M) are contained in T (M) and
therefore in O(M).
Theorem 2.2 ([BDU, HHU]). The union (Us(M)∪Uu(M)) is C1-dense (and open)
in O(M).
In other words, open and densely in the setting of partially hyperbolic with 1-
dimensional center and robustly transitive diffeomorphisms, one of the strong folia-
tions is robustly minimal.
2.3. Center Lyapunov exponent and index of hyperbolic measures. Con-
sider a diffeomorphism f ∈ PH(M), denote by i = dim(Ess), and recall that
dim(Ec) = 1. We denote by Minv(f) and Merg(f) the sets of f -invariant mea-
sures and of f -ergodic measures respectively.
Let µ ∈Merg(f), then the center Lyapunov exponent of µ is
λc(µ) =
∫
log ‖Df |Ec‖dµ.
One says that the ergodic measure µ is hyperbolic if λc(µ) 6= 0 and µ is called non-
hyperbolic if λc(µ) = 0. The s-index of a hyperbolic ergodic measure µ is the number
of negative Lyapunov exponents of µ. In our setting, the s-index of a hyperbolic
ergodic measure µ is
ind(µ) =
{
i if λc(µ) > 0
i+ 1 if λc(µ) < 0
.
We extend by the same formula of the center Lyapunov exponent to the set of all
(even non ergodic) invariant probability measures, that is
λc : Minv(f)→ R, λc(µ) =
∫
log ‖Df |Ec‖dµ,
and we call it the mean center Lyapunov exponent of µ. This gives a continuous
function in the weak∗-topology on the space Minv(f).
We denote by Mi(f), M∗(f) and Mi+1(f) the sets of ergodic measures µ with
positive, vanishing and negative center Lyapunov exponents, respectively.
We denote by MPer(f) the subset of Minv(f) consisting in measures supported
on 1 periodic orbit of f . We denote by MPer,i(f) and MPer,i+1(f) the subsets of
MPer(f), consisting in measures supported on a single hyperbolic periodic orbit of
index i and i+ 1 respectively.
Finally, if E ⊂Minv(f), then E denotes its weak∗-closure.
2.4. Main results when both strong foliations are minimal. Let M be a
compact manifold. We denote by V(M) ⊂ Diff1(M) the set of diffeomorphisms such
that:
• f ∈ U(M) , that is, f is partially hyperbolic with one dimensional center
bundle and has both strong stable and unstable foliations which are robustly
minimal.
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• f admits hyperbolic periodic points pf of s-index i and qf of s-index i+ 1.
Remark 2.3. V(M) is, by definition, an open subset of Diff1(M). [BDU] shows
that there are compact 3-manifold M for which V(M) is not empty: the time one
map of a transitive Anosov flow on a manifold M admits a smooth perturbation in
V(M); the same occurs in the skew product of linear Anosov automorphisms of the
torus T2 by rotations of the circle.
For any f ∈ V(M) and any hyperbolic periodic point x, one has the following
properties:
• the minimality of both foliations implies that the manifold M is the whole
homoclinic class of x. Furthermore any two hyperbolic periodic points of
same index are homoclinically related. This implies that the closure of the
set of the hyperbolic periodic measures of a given index is convex. In other
words MPer,i(f) and MPer,i+1(f) are convex.
• clearly MPer,i(f) ⊂ Mi(f) and MPer,i+1(f) ⊂ Mi+1(f). According to
[C], in this partially hyperbolic setting, every hyperbolic ergodic measure
is weak∗-limit of periodic measures of the same index. One gets therefore:
MPer,i(f) =Mi(f) and MPer,i+1(f) =Mi+1(f)
Remark 2.4. As a direct consequence of [M2, ABC], there is a C1-residual subset
G of V(M) so that for every f ∈ G, every invariant (not necessarily ergodic) mea-
sure is the weak∗-limit of periodic measures. In particular, Minv(f) is a Poulsen
simplex. More precisely, [M2] implies that generically any ergodic measure is the
limit of periodic measures, and [ABC] shows that, for generic robustly transitive
diffeomorphisms the closure of the periodic measures is convex.
We don’t know if the generic properties stated in Remark 2.4 hold for every
f ∈ V(M). The aim of our main result in this setting is to recover most of these
properties for a C1 open and dense subset of V(M). Recall that M∗(f), Mi(f)
and Mi+1(f) are the sets of ergodic measures with vanishing, positive and negative
center Lyapunov exponents respectively.
Theorem A. Let M be a closed manifold. There exists a C1 open and dense subset
V˜(M) of V(M) such that for any f ∈ V˜(M), we have the followings:
(1)
M∗(f) = Mi(f) ∩ {µ ∈Minv(f), λc(µ) = 0}
= Mi+1(f) ∩ {µ ∈Minv(f), λc(µ) = 0}
= Mi(f) ∩Mi+1(f).
In particular, the closure M∗(f) of the non-hyperbolic ergodic measures is
convex. Furthermore, every non-hyperbolic ergodic measure is the weak∗-
limit of hyperbolic periodic orbits of both indices i and i+ 1.
(2) There exist two compact f -invariant (uniformly) hyperbolic sets Ki ⊂M and
Ki+1 ⊂ M of s-index i and i + 1 respectively, with the following property:
for any µ ∈ Mi(f) (resp. Mi+1(f)), there exists an invariant measure ν
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supported on Ki+1 (resp. Ki) such that the segment {αµ+(1−α)ν|α ∈ [0, 1]}
is contained in the closure of the set of periodic measures.
Remark 2.5. The existence of non-hyperbolic ergodic measure is guaranteed by
[BBD] (see also [BZ]).
The proof of this theorem is based on the semi-local setting (the next subsection).
Theorem A shows that the closure of the set of ergodic measures for f ∈ V˜(M)
is the union of two convex sets MPer,i(f) and MPer,i+1(f), which intersect along
M∗(f). The last item of the theorem shows that the union of these convex sets “is
not far from being convex”, but we did not get the convexity. In other words, we
don’t know if any f -invariant measure is accumulated by ergodic measures.
Question 1. Does there exist an open dense subset of V(M) such that periodic
measures are dense among invariant measures?
2.4.1. The C1-generic case. As told before in Remark 2.4, for C1-generic f in the
set V˜(M), the closureMPer(f) of the set of hyperbolic periodic measures is convex,
and coincides with the set Minv(f) of all invariant measures.
Our result implies:
Corollary 2.6. For C1-generic f ∈ V˜(M), every invariant (a priori non ergodic)
measure whose mean center Lyapunov exponent vanishes is approached by non-
hyperbolic ergodic measures. In formula:
{µ ∈Minv(f), λc(µ) = 0} =M∗(f).
It is well known that the decomposition of an invariant measure in the convex
sum of ergodic measures is unique and one callsMinv(f) a Choquet simplex. As we
split M(f) into several convex sets (the ones with positive, vanishing and negative
center Lyapunov exponents respectively) it is natural to ask if these sets are Choquet
simplices too. We could not answer to this question in the whole general situation,
but in the C1-generic setting we can give a negative answer:
Proposition 2.7. For C1-generic f in V˜(M), none of the three compact convex sets
Mi(f), Mi+1(f) and M∗(f) is a Choquet simplex.
2.5. Main results when only one strong foliation is minimal. As we men-
tioned before, it is known that open and densely in the set O(M) of robustly transi-
tive, partially hyperbolic (with one dimensional center) diffeomorphisms, one of the
strong foliations is robustly minimal: Us(M) ∪ Uu(M) is dense in O(M). As far as
we know there are no known examples where U(M) = Us(M)∩Uu(M) is not dense
in O(M). Nevertheless, we cannot discard this possibility.
In general, when only one of the strong foliations is minimal, we don’t know if
the non-hyperbolic ergodic measures are accumulated by periodic orbits, and if the
closure of the set of non-hyperbolic ergodic measures is convex. Nevertheless, there
is an important example where we could recover these properties.
R. Man˜e´ [M1] gave an example that for linear Anosov diffeomorphisms on T3 of
s-index 1 with three ways dominated splitting, one can do DA to get an open subset
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W of Diff1(T3) where all the diffeomorphisms are non-hyperbolic and transitive (see
the precise definition of W in Section 8). [BDU] proved that the robustly transitive
diffeomorphism in W has minimal strong stable foliation (see also [PS]), that is, W
is contained in Us(T3).
Theorem B. There exists an open and dense subset W˜ of W such that for any
f ∈ W˜, one has
• Any non-hyperbolic ergodic measure is approximated by periodic measures of
s-index 1 (recall that all the periodic orbits of s-index 1 are homoclinically
related);
• The closure M∗(f) of the set of non-hyperbolic ergodic measures is convex.
Since the strong stable foliation of every f ∈ W is minimal, all hyperbolic periodic
orbits of s-index 1 are homoclinically related. By transitivity, one can show that
the unstable manifold of hyperbolic periodic orbit of s-index 1 is dense on the
manifold. Hence M is the homoclinic class of every periodic orbit of s-index 1.
By [BDPR, Theorem E], for an open and dense subset ofW, the manifold M is also
the homoclinic class of a periodic orbit of s-index 2.
Question 2. For Man˜e´’s example, given two hyperbolic periodic orbits Q1 and Q2
of s-index 2, are Q1 and Q2 homoclinically related?
Remark 2.8. If the answer to Question 2 is yes, although we can not get the whole
convexity of the set of periodic measures, one can show that for Man˜e´ ’s example,
the set of ergodic measures is path connected (for the definition see [Sig2]).
2.6. Some results in the semi-local setting of robust cycles. We start with
our assumption in the semi-local setting without technical definitions and the precise
definition of the terminology we use here would be given in the next section.
Consider f ∈ Diff1(M). Let (Λ, U, Cuu,D) be a blender horseshoe of u-index i+1
and Oq be a hyperbolic periodic orbit of u-index i. We assume that Λ and Oq form a
special robust cycle called split-flip-flop configuration. We fix a small neighborhood
V of the split flip-flop configuration so that the maximal invariant set Λ˜ in the
closure V¯ admits a partially hyperbolic splitting Ess⊕Ec⊕Euu with dim(Ec) = 1.
Assume, in addition, that there exists a Df -strictly invariant center unstable cone
field CuV which is a continuous extension of the center unstable cone field Cu in U .
In [ABC], it has been shown that in the C1 generic setting, for each homoclinic
class, the closure of the set of periodic measures is convex. Hence, for each partially
hyperbolic homoclinic class with center dimension one, under C1-generic setting,
the closure of the set of hyperbolic ergodic measures is convex. Here, in the C1 open
setting, we get some kind of ‘convexity’ and it would be used for the global setting.
Theorem C. Under the assumption above. There exists an invariant measure µ ∈
Minv(Λ, f) such that the segment {αµ + (1 − α)δOq , α ∈ [0, 1]} is contained in the
closure of the set of periodic measures whose support are inside V .
In any small neighborhood of the split flip flop configuration, the existence of
non-hyperbolic ergodic measure approached by periodic measures has been proven
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in [BZ]. Conversely, we can prove that the non-hyperbolic ergodic measures sup-
ported in a small neighborhood of the robust cycle are approximated by hyperbolic
periodic measures. To be precise:
Theorem D. Under the assumption above. There exists a small neighborhood V0 ⊂
V of the split flip flop configuration such that for any non-hyperbolic ergodic measure
ν supported on the maximal invariant set Λ˜0 in V0, there exists a sequence of periodic
orbits {Opn}n∈N which are homoclinically related to Λ such that δOpn converges to ν.
Remark 2.9. (1) If the support of ν intersects the boundary of V0, the sequence
of periodic orbits we find might intersect the complement of Λ˜0;
(2) the choice of V0 is uniform for the diffeomorphisms in a small C
1 neighbor-
hood of f .
3. Preliminaries
In this section, we will collect some notations and some results that we need. We
start by recalling very classical notions, as Choquet simplex, Poulsen simplex and
dominated splitting. Then we recall our main tools. More precisely, our results
consist in applying two tools in a very specific setting. The tools are:
• the [GIKN] criterion for ensuring that the limit measure of periodic measures
is ergodic.
• a shadowing Lemma due to Liao [L1] and Gan [G1] : this will allow us to
prove the existence periodic orbits with a prescribed itinerary. An important
consequence presented in [C] shows that any hyperbolic ergodic measure is
approached by periodic orbits, under a dominated setting.
Our setting will be a specific robust cycle called split flip flop configuration. The
main interest of the split flip flop configuration is that it appears open and densely
in the setting of robust cycle.
3.1. Dominated splitting and hyperbolicity. Recall that a Df -invariant split-
ting TKM = E ⊕ F over a compact f -invariant set K is a dominated splitting, if
there exists λ ∈ (0, 1) and a metric ‖ · ‖ such that
‖Df |E(x) ‖ · ‖Df−1|F (f(x)) ‖ < λ, for any x ∈ K.
A compact f -invariant set K is called a hyperbolic set, if there exists an invariant
hyperbolic splitting TKM = E
s⊕Eu, that is, Es is uniformly contracting and Eu is
uniformly expanding under Df . A hyperbolic set K is called a hyperbolic basic set
of s-index i if one has
• K is transitive and dim(Es) = i;
• there exists an open neighborhood U of K such that K is the maximal
invariant set in U , that is,
K = ∩i∈Zf i(U).
We denote by ind(Λ) the s-index of Λ.
One important property of hyperbolic basic sets in the sense of measure is the
following theorem:
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Theorem 3.1. [Sig1, Theorem 1] Let f ∈ Diff1(M) and Λ be a hyperbolic basic set.
Then any f invariant measure supported on Λ is approximated by periodic measures.
3.2. Homoclinic class.
Definition 3.2. Let f ∈ Diff1(M). Given two hyperbolic periodic orbits Op and Oq
of f . Op and Oq are said to be homoclinically related, if there exist a non-empty
transverse intersection between W s(Op) and W u(Oq), and a non-empty transverse
intersection between W u(Op) and W s(Oq).
Let Op be a hyperbolic periodic orbit, the homoclinic class of Op is defined as:
H(p, f) := {Oq| The hyperbolic perodic orbit Oq is homoclinically related to Op}.
Let Op and Oq be two hyperbolic periodic orbits and V be an open neighborhood
of Op∪Oq . We say that Op and Oq are homoclinically related inside V , if there exist
two transverse intersections x ∈ W u(Op)∩W s(Oq) and y ∈ W s(Op)∩W u(Oq) such
that Orb(x) ∪ Orb(y) ⊂ V.
3.3. Lyapunov exponents, Oseledets splitting and hyperbolic ergodic mea-
sure. In the celebrated paper [O], V. Oseledets proves that for any ergodic measure
µ of a diffeomorphism f , we have the following:
(1) there exists a µ-full measure set K such that f(K) = K;
(2) there exist s ≤ dim(M) numbers λ1 < · · · < λs and an invariant measurable
splitting over K of the form TKM = E1 ⊕ · · · ⊕Es such that for any integer
1 ≤ t ≤ s, any x ∈ K and any v ∈ ⊕ti=1Ei(x)\ ⊕t−1i=1 Ei(x), we have that
lim
n→+∞
1
n
log ‖Dfnx v ‖ = λt.
The numbers λ1, · · · , λs are called the Lyapunov exponents of µ, the full measure
set K is called the Oseledets basin of µ and the splitting TKM = E1 ⊕ · · · ⊕ Es is
called the Oseledets splitting of µ.
An ergodic measure µ is called a hyperbolic ergodic measure, if all the Lyapunov
exponents of µ are non-zero. Let K be the Oseledets basin of µ, we denote by E−⊕
E+ the invariant splitting overK such that all the Lyapunov exponents along E− are
negative and all the Lyapunov exponents along E+ are positive. Then the invariant
splitting TKM = E
− ⊕ E+ is called the non-uniform hyperbolic splitting. We say
that the non-uniform hyperbolic splitting is dominated if there exists a dominated
splitting over the closure of K of the form TKM = E ⊕ F such that dim(E) =
dim(E−).
3.4. Choquet and Poulsen Simplex.
Definition 3.3. Let K be a non-empty compact convex subset of a locally convex
vector space. Then
• K is said to be a Choquet simplex, if every point of K is the barycenter of
a unique probability measure supported on the set of extreme points of K.
• K is said to be a Poulsen simplex if K is a Choquet Simplex so that the set
of extreme points of K is strictly contained in K and is dense in K.
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Let C be a compact f -invariant set. We denote byMinv(C, f) the set of invariant
measures supported on C. A classical result is thatMinv(C, f) is always a Choquet
simplex, hence Sigmund’s theorem (see [Sig1]) shows that if C is a hyperbolic basic
set then Minv(C, f) is a Poulsen Simplex.
3.5. Good approximation and [GIKN] criterion. In this subsection, we state
the [GIKN] criterion ensuring that a sequence of periodic measures converges to an
ergodic measure. This criterion is firstly used in [GIKN, KN] and is developed in
[BDG] for building non-hyperbolic ergodic measures as the limit of periodic mea-
sures.
Definition 3.4. Given a compact metric space (X, d) and let f : X 7→ X be a
continuous map. Fix ǫ > 0 and κ ∈ (0, 1). Let γ1 and γ2 be two periodic orbits of f .
Then, the periodic orbit γ1 is said to be a (ǫ, κ) good approximation for γ2, if there
exist a subset γ1,ǫ of γ1 and a projection P : γ1,ǫ → γ2 such that:
• for every y ∈ γ1,ǫ and every i = 0, · · · , π(γ2)− 1, one has
d(f i(y), f i(P(y))) < ǫ;
• the proportion of γ1,ǫ in γ1 is larger that κ. In formula:
#γ1,ǫ
π(γ1)
≥ κ.
• the cardinal of the pre-image P−1(x) is the same for all x ∈ γ2.
We can now state the [GIKN] criterion refined in [BDG]:
Lemma 3.5. [BDG, Lemma 2.5] Let (X, d) be a compact metric space and f : X 7→
X be a homeomorphism. Let {γn}n∈N be a sequence of periodic orbits whose periods
tend to infinity. We denote by µn the Dirac measure of γn.
Assume that the orbit γn+1 is a (ǫn, κn) good approximation for γn, where ǫn > 0
and 0 < κn < 1 satisfy ∑
n
ǫn <∞ and
∏
n
κn > 0.
Then the sequence µn converges to an ergodic measure ν whose support is given
by
supp ν = ∩∞n=1∪∞k=nγk.
3.6. Shadowing lemma and approaching hyperbolic measures by periodic
orbits. In this paper we don’t construct any periodic orbits by perturbations. We
find these periodic orbits by a shadowing lemma which is firstly given by S. Liao
[L1] and is developed by S. Gan [G1].
Let Λ be a compact f -invariant set, admitting a dominated splitting of the form
TΛM = E ⊕ F . For any λ ∈ (0, 1), an orbit segment {x, n} := {x, · · · , fn(x)}
contained in Λ is called a λ-quasi hyperbolic string, if the followings are satisfied:
• Uniform contraction of E by Df , from x to fn(x):
k−1∏
i=0
‖Df |E(f i(x))‖ ≤ λk,
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for every k = 1, · · · , n;
• Uniform contraction of F by Df−1, from fn(x) to x
n−1∏
i=k
m(Df |F (f i(x))) ≥ (λ−1)n−k,
for every k = 0, · · · , n− 1;
Remark 3.6. By definition, one can check that a λ-quasi hyperbolic string is also
a 1+λ
2
-quasi hyperbolic string.
Now, we state the shadowing lemma for quasi hyperbolic pseudo orbit :
Lemma 3.7. [L1, G1] Let f ∈ Diff1(M) and Λ be a compact f -invariant set. As-
sume that Λ exhibits a dominated splitting TΛM = E ⊕ F .
Then, for any λ ∈ (0, 1), there exist L > 0 and d0 > 0 such that for any d ∈ (0, d0]
and any λ-quasi hyperbolic string {x, n} satisfying that d(fn(x), x) ≤ d, there exists
a periodic point p of period n which shadows {x, n} in the distance of L · d, that is,
d(f i(p), f i(x)) < L · d, for any i = 0, · · · , n− 1.
We call the orbit segment {x, n} above as the λ-quasi hyperbolic periodic d-pseudo
orbit.
Lemma 3.7 (together with the C1-Pesin theory in [ABC]) has been used by S.
Crovisier [C] for approaching hyperbolic ergodic measures with periodic orbits:
Proposition 3.8. [C, Proposition 1.4] Let f ∈ Diff1(M) and µ be a hyperbolic
ergodic measure whose non-uniform hyperbolic splitting E−⊕E+ is dominated. Then
µ is supported on a homoclinic class.
Moreover, there exists a sequence of periodic orbits {γn}n∈N of s-index dim(E−)
which are pairwise homoclinically related, such that γn converges to the support of
µ for the Hausdorff topology and the Dirac measure supported on γn converges to µ
in the weak∗-topology.
Remark 3.9. This result is firstly obtained by [G2] on surfaces.
3.7. Plaque family and estimate on the size of invariant manifold. In this
section, let Λ be a compact f -invariant set with a dominated splitting TΛM = E⊕F .
We recall the Plaque family theorem by [HPS] showing that there exist invariant
plaque families for dominated splitting. Given a continuous bundle G over a set K,
for any x ∈ K and r > 0, we denote by Gx(r) = {v ∈ Gx|‖ v ‖ ≤ r} and denote by
G(r) = ∪x∈KGx(r).
Lemma 3.10. Let Λ be a compact f -invariant set admitting a dominated splitting
TΛM = E ⊕ F . Then there exist two continuous maps W cs : E(1) → M and
W cu : F (1)→M satisfying the followings:
• for any x ∈ Λ, the induced map W csx : Ex(1) 7→ M (resp. W cux : Fx(1) 7→ M)
is a C1 embedding and is tangent to Ex (resp. Fx) at the point x = W
cs
x (0)
(reps. x =W cux (0)).
• the families {W csx }x∈Λ and {W cux }x∈Λ of C1 embedding maps are continuous;
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• there exists a neighborhood UE (resp. UF ) of zero section in E (resp. F )
such that the image of W csx (Ex ∩UE) (resp. W cux (Fx ∩UF )) by f (resp. f−1)
is contained in W csx (Ex) (reps. W
cu
x (Fx ∩ UF )).
We denote by Wcuδ (x) =W cux (Fx(δ)) and Wcsδ (x) = W csx (Ex(δ)), for δ ∈ (0, 1].
Definition 3.11. Given λ ∈ (0, 1). A point x ∈ Λ is a (λ,E)-contracting point, if
we have that
j−1∏
i=0
‖Df |E(f i(x)) ‖ ≤ λj , for any positive integer j.
Similarly, we can define the (λ−1, F )-expanding point which is a (λ, F ) contracting
point for f−1.
The following lemma guarantees the existence of stable manifolds at the (λ,E)-
contracting points. The proof is classical see for instance [ABC, Section8.2]. Ac-
cording Lemma 3.10, we fix the plaque families W cs and W cu.
Lemma 3.12. For any λ ∈ (0, 1), there exists η > 0 such that for any (λ,E)
contracting point x, we have that the disc W csη (x) is contained in the stable manifold
of x.
Remark 3.13. Similar result holds for (λ−1, F )-expanding points.
To find the (λ,E)-contracting points, we need the following well known Pliss
lemma:
Lemma 3.14. [P] Let a1, . . . , an be a sequence of numbers bounded from above by a
number b. Assume that there exists a number c < b such that
∑n
i=1 ai ≥ n · c.
Then for any number c′ < c, there exist l integers i1, . . . , il ⊂ [1, n] such that for
any k = 1, . . . , l, we have that
ik∑
i=j
ai ≥ (ik − j + 1)c′, for any j = 1, . . . , ik.
Moreover, one has that
l
n
≥ c− c
′
b− c′ .
3.8. Blender. Blender is a powerful tool in the study of robustly non-hyperbolic
phenomena. In this subsection, we will state a new definition of blender recently
defined by [BBD], and a special blender called Blender horseshoe given in [BD2].
3.8.1. Dynamically defined blender. Let’s first recall some notations in [BBD]. Let
Di(M) be the set of C1 embedded i-dimensional compact discs on a compact Rie-
mannian manifold M . We endow Di(M) with C1-topology in the following way: for
any D ∈ Di(M), which is the image of the embedding φ : Di 7→ M where Di is the
i-dimensional closed unit disc in Ri, we define the C1 neighborhood of D as the set
of the images of all the embedding maps contained in a C1 neighborhood of φ.
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For any D1, D2 ∈ Di(M), one can define their distance as
ρ(D1, D2) = dHaus(TD1, TD2) + dHaus(T∂D1, T∂D2),
where dHaus(·, ·) denotes the Hausdorff distance on the corresponding Grassmann
manifold. It has been proven in [BBD, Section 3.1] that the distance ρ(·, ·) induces
the C1-topology in Di(M).
Let f ∈ Diff1(M), and D be a family of i-dimensional embedded discs. For any
ǫ > 0, we denote by Vǫ(D) the ǫ-neighborhood of D for the distance ρ(·, ·).
The family D is called a strictly invariant family, if there exists ǫ > 0 such that
for any D ∈ Vǫ(D), its image f(D) contains an element of D. The number ǫ is called
the strength of the strictly invariant family D.
Definition 3.15. (Dynamical Blender) Let f ∈ Diff1(M). A hyperbolic basic set
Λ of f is called a dynamically defined cu-blender of uu-index i, if the followings are
satisfied:
• there exists a dominated splitting of the form TΛM = Es⊕Ec⊕Euu over Λ;
where dim(Es) = ind(Λ), dim(Ec) > 0 and dim(Euu) = i.
• there exists a neighborhood U of Λ such that Λ = ⋂n∈Z fn(U) and there exists
a Df -strictly invariant continuous cone field Cuu of index i defined on U ;
• there is a strictly invariant family D ⊂ Di(M) of discs with strength ǫ > 0
such that every disc D ∈ Vǫ(D) is tangent to Cuu and is contained in U .
The set U is called the domain of Λ, the cone field Cuu is called the strong unstable
cone field of Λ and the family D is called strictly invariant family of discs. We
denote the dynamically defined cu-blender as (Λ, U, Cuu,D)
We can also define the cs-blender which is a cu-blender for the reversed dynamics.
Remark 3.16. [BBD, Scholium 3.15] Let (Λ, U, Cuu,D) be a dynamically defined
cu-blender, there exists a disc in the local strong unstable manifold of a point in Λ
which are approximated by discs in D.
The main property of a dynamically defined blender is the following:
Lemma 3.17. [BBD, Lemma 3.14] Let (Λ, U, Cuu,D) be a dynamically defined cu-
blender and ǫ be the strength of the strictly invariant family D.
Then there exists a C1 neighborhood U of f such that for any g ∈ U , one has
• Let Λg be the continuation of Λ. For any D ∈ Vǫ/2(D), one has thatW s(Λg)∩
D 6= ∅;
• the continuation (Λg, U, Cuu,Vǫ/2(D)) is a dynamically defined blender for g.
We call the open family Vǫ/2(D) the superposition region of the blender (Λ, U, Cuu,D).
3.8.2. Blender horseshoe. In this part, we recall the main feature of a special and
simplest blender called Blender Horseshoe (for specific definition see [BD3]).
Consider Rn = Rs ⊕ R⊕ Ru. For α ∈ (0, 1), we define the following cone fields:
Csα(x) = {v = (vs, vc, vu) ∈ Rs ⊕ R⊕ Ru = TxM |‖vc + vu‖ ≤ α‖vs‖}
Cuα(x) = {v = (vs, vc, vu) ∈ Rs ⊕ R⊕ Ru = TxM |‖vs‖ ≤ α‖vc + vu‖}
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Cuuα (x) = {v = (vs, vc, vu) ∈ Rs ⊕ R⊕ Ru = TxM |‖vs + vc‖ ≤ α‖vu‖}.
For α ∈ (0, 1), one can check that Csα(x) is transverse to Cuα(x) and Cuuα (x) is contained
in Cuα(x) for any x ∈ Rn.
Denote by C = [−1, 1]s× [−1, 1]× [−1, 1]u. A blender horseshoe Λ of u-index i+1
is a hyperbolic basic set of u-index i + 1 for an embedding map f : C 7→ Rn such
that:
H1) the maximal invariant set in C is Λ and the dynamics restricted to C is a
two-leg horseshoe ( hence it exhibits two fixed points P and Q), that is, the
intersection f−1(C) ∩ C consists in two horizontal disjoint sub-cubes A,B
and the images f(A), f(B) are two vertical sub-cubes;
H2) the set f(C) ∩ [−1, 1]s × R× [−1, 1]u consists in two connected components
A,B such that P ∈ A and Q ∈ B. Furthermore, there exists α ∈ (0, 1) such
that the cone field Csα is strictly Df−1 invariant and the cone fields Cuα, Cuuα
are strictly Df invariant. Moreover, for any x ∈ f−1(A∪B) and any vector
v ∈ Cuα(x), v is uniformly expanded by Df . Similarly, the vector in Csα is
uniformly contracted by Df .
H3) A compact disc Du of dimension i is called a uu-disc, if the relative inte-
rior of Du is contained in the interior of C, Du is tangent to Cuuα and the
boundary of Du is contained in [−1, 1]s × [−1, 1] × ∂[−1, 1]u. Then every
uu-disc intersecting W sloc(P ) (resp. W
s
loc(Q)) is disjoint from W
s
loc(Q) (resp.
W sloc(P )).
H4) A uu-disc Du is between W sloc(P ) and W
s
loc(Q), if D
u is homotopic toW uuloc (P )
in the set of uu-discs whose homotopy process is disjoint from W sloc(Q) and
Du is homotopic to W uuloc (Q) in the set of uu-discs whose homotopy process
is disjoint from W sloc(P ). Then, for any uu-disc D
u between W sloc(P ) and
W sloc(Q), at least one of the connected components of f(D
u)∩C is a uu-disc
between W sloc(P ) and W
s
loc(Q)
The existence of blender horseshoe is a robust property. The items H1) and H2)
imply that there exists a dominated splitting TΛM = E
s ⊕ Ecu ⊕ Euu such that
dim(Euu) = i and dim(Ecu) = 1.
A uu-disc Du is said to be in the characteristic region, if Du is between W sloc(P )
and W sloc(Q). According to item H4) above, for any uu-disc D
u in the characteristic
region, f(Du) contains a uu-disc in the characteristic region.
By items H1) and H2), there exists ǫ1 > 0 such that
A ∪ B ⊂ (−1 + ǫ1, 1− ǫ1)s × [−1, 1]× [−1, 1]u
and
f−1(A ∪ B) ⊂ [−1, 1]s × [−1, 1]× (−1 + ǫ1, 1− ǫ1)u.
A compact disc S of dimension i+ 1 is called a cu-strip if S is tangent to the cone
field Cuα and is the image of a C1-embedding map
Φ : [−1, 1]× [−1, 1]u 7→ [−1 + ǫ1, 1− ǫ1]s × [−1, 1]× [−1, 1]u
satisfying that Φ({t} × [−1, 1]u) is a uu-disc, for any t ∈ [−1, 1]. The cu-strip S is
called in the characteristic region if for any t ∈ [−1, 1], Φ({t} × [−1, 1]u) is between
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W sloc(P ) and W
s
loc(Q). The uu-discs Φ({−1} × [−1, 1]u) and Φ({1} × [−1, 1]u) are
called the vertical boundary components of S. For any cu-strip S, we define the
central length ℓc(S) of S as the minimum length of all C1 curves in S joining the
two vertical boundary components of S.
In the rest of this subsection, we fix f ∈ Diff1(M) exhibiting a blender horseshoe
Λ corresponding to the cube C. We fix τ > 1 such that for any x ∈ C ∩ f−1(C) and
v ∈ Cuα(x), one has ‖Df(v) ‖ ≥ τ · ‖ v ‖ .
Lemma 3.18. The blender horseshoe Λ is a dynamically defined blender.
Proof. Let D′ be the set of uu-discs D satisfying that
• D is in the characteristic region of the blender;
• D is contained in [−1 + ǫ1, 1− ǫ1]s × [−1, 1]× [−1, 1]u.
By the item H3) above, there exists ǫ2 > 0 such that for any cu-strip S1 of central
length 2ǫ2 which intersects W
s
loc(P ) and any cu-strip S2 of central length 2ǫ2 which
intersects W sloc(Q), we have that S1 and S2 are disjoint.
Since the existence of blender horseshoe is robust, there exists ǫ3 > 0 such that
for any diffeomorphism g ǫ3-close to f , the continuation Λg is a blender horseshoe
corresponding to the cube C. Let ǫ = min{ǫ2, ǫ3}.
For any δ > 0 small, we denote by Dδ the set of uu-discs D
u ∈ D′ such that there
exists a cu-strip S which is disjoint from W sloc(P ) ∪W sloc(Q) and is defined by
φ : [−1, 1]× [−1, 1]u 7→ [−1 + ǫ1, 1− ǫ1]s × [−1, 1]× [−1, 1]u
satisfying that
• φ({0} × [−1, 1]u) = Du,
• the central length of the cu-strips φ([0, 1]× [−1, 1]u) and φ([−1, 0]× [−1, 1]u)
are δ;
One can check that
∅ 6= Dδ ( Dδ′ , for any δ′ < δ small.
Claim 3.19. There exists δ0 > 0 small such that Dδ0 is a strictly invariant family.
Proof. We denote by c = supx∈C ‖Df(x) ‖ > τ . By the uniform expansion of Df
along Cuα, there exists δ1 < ǫ2c small enough such that for any δ ≤ δ1 and any uu-disc
Du ∈ Dδ\D2δ, we have that f(D) contains a uu-disc in Dτ ·δ.
Let δ0 =
1
2
δ1 and δ
′ = τδ0 < ǫ. We will prove that for any D ∈ D2δ0 , f(D)
contains a uu-disc in Dδ′ . Since the blender horseshoe is a horseshoe with two legs,
for any D ∈ Dδ0 , one has that f(D) contains two discs D1, D2 such that
• D1 = f(D) ∩A and D2 = f(D) ∩ B;
• D1, D2 are tangent to the cone field Cuuα .
By item H4), eitherD1 orD2 is in the characteristic region of the blender. Without
loss of generality, we assume thatD1 is in the characteristic region. IfD1 is contained
in Dδ′ , we are done. Otherwise, one can do a δ
′-perturbation f˜ of f in A without
changing W sloc(P ) such that f˜(D)∩A is not in the superposition region of Λf˜ , then
one has that D2 is in the superposition of Λf˜ as well as of Λ. In this case, one
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has that D2 must be in Dδ′ , otherwise, one can do another δ
′-perturbation f ′ of
f˜ , supported in B without changing W sloc(Q), such that f ′(D) ∩ B is not in the
superposition region of Λf ′ which contradicts to the item H4) for f
′.
By the strictly invariant property of the strong unstable cone field, one has that
Dδ0 is a strictly invariant family. 
Let D be the restriction of the family Dδ0 to the region [−1, 1]s × [−1, 1]× [−1 +
ǫ1, 1 − ǫ1]u, this gives a strictly invariant family D in the interior of C, ending the
proof of Lemma 3.18. 
According to the Lemma 3.18, we can also denote a cu-blender horseshoe as
(Λ, C, Cuuα ,D). C is also called the domain of Λ. Let ǫ0 be the strength of D. In the
whole paper, for a blender horseshoe, we use the type of strictly invariant family
given by Lemma 3.18.
Recall that τ > 1 is the number such that for any x ∈ C ∩ f−1(C), we have that
‖Df(v) ‖ > τ · ‖ v ‖ , for any v ∈ Cuα(x).
We can prove that the central length of any cu-strip, “crossing” the characteristic
region, is uniformly expanded by the dynamics. To be precise:
Lemma 3.20. For any cu-strip S defined by φ : [−1, 1] × [−1, 1]u 7→ C satisfying
that φ({t0}× [−1, 1]u) contains an element of D, for some t0 ∈ [−1, 1], if the central
length of S is less than ǫ0, one has that f(S) contains a cu-strip S1 in C such that
• ℓc(S1) > τ · ℓc(S);
• S1 is foliated by discs, one of which contains an element of D.
Proof. By the strictly invariant property of D, f(φ({t0} × [−1, 1]u)) contains a disc
Du1 in D. By the item H2), the connected component of f(S) ∩ C containing Du1
is a cu-strip S1 in C. For any C
1-curve γ in S1 joining the two vertical boundary
components of S1, we have that f
−1(γ) is a C1 curve in S and joins the two vertical
boundary components of S. Hence, we have that the length ℓ(f−1(γ)) is no less than
ℓc(S). Since S is tangent to Cuα, by the uniform expansion of Df along the cone field
Cuα, we have that ℓ(γ) > τ · ℓ(f−1(γ)), which implies that ℓc(S1) > τ · ℓc(S). 
Remark 3.21. Lemma 3.20 allows us to iterate the cu-strip crossing the superpo-
sition region and to gain some expansion in the center direction. This is also the
reason why we use blender horseshoe instead of the more general dynamically defined
blender.
By Lemma 3.17, we have that for any Du ∈ D, there exists a non-empty intersec-
tion of Du and W sloc(Λ). Since Λ is a hyperbolic basic set, we have that there exists
x ∈ Λ such that Du intersects W sloc(x). In general, x is not a periodic point. The
following lemma shows that we can enlarge the disc Du in the center direction, and
after (uniformly) finite many iterations, the enlarged disc always intersects the local
stable manifolds of periodic orbits in Λ.
Lemma 3.22. Let (Λ, C, Cuuα ,D) be a cu-blender horseshoe and ǫ be the strength
of D. Then there exists N ∈ N such that for any cu-strip Dcu defined by φ :
[−1, 1]× [−1, 1]u 7→ C satisfying that
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• the central length of Dcu is no less than ǫ;
• each uu-disc φ({t} × [−1, 1]u) contains an element of Vǫ/2(D);
and for any hyperbolic periodic orbit Op ⊂ Λ, one has that there exists a point
x ∈ Dcu whose forward orbit is in C, such that fN(x) ∈ W sloc(Op).
Proof. By the hyperbolicity of Λ, there exist η > 0 and δ > 0 small enough such
that for any points x, y ∈ Λ with d(x, y) < δ, one has that W sη (x) is contained in C
and intersects W uη (y) transversely in a unique point.
Since for any Du ∈ Vǫ/2(D), the stable manifold W sloc(Λ) intersects Du trans-
versely. Hence, there exists δ0 > 0 such that for any cu-strip D
cu satisfying the
hypothesis of Lemma 3.22, there exists x ∈ Λ such that W sloc(x) intersects Dcu
transversely in a point whose distance to the boundary of Dcu is no less than δ0.
By the uniform continuity of the local stable manifold, there exists δ1 < δ such
that for any points x, y ∈ Λ with d(x, y) < δ1 and any disc D with inner radius no
less than δ0/2 which is tangent to the center unstable cone field and is centered at
a point in W sloc(x), one has that W
s
loc(y) intersects D
cu transversely in the interior.
Since Λ is a hyperbolic basic set, there exists a periodic orbit Op0 and a positive
integer N such that
• the orbit Op0 is δ1/2 dense in Λ.
• for any two points p1, p2 ∈ Op0, there exists an integer n ∈ [0, N ] such that
f−n(W uη (p1)) ⊂W uδ1/2(p2).
By the choice of N , one has that N depends only on the number δ0 and on the
set Λ and one can check that N is the integer that we need, ending the proof of
Lemma 3.22. 
3.9. Flip-flop configuration. In this section, we recall the definition and the prop-
erties of flip-flop configuration. Roughly speaking, a flip flop configuration is a robust
cycle formed by a cu-blender and a hyperbolic periodic orbit of different indices in
the way: the unstable manifold of the periodic orbit “crosses” the superposition
region of cu-blender, and every disc in the strictly invariant family intersects the
stable manifold of the periodic orbit. To be specific:
Definition 3.23. Consider a dynamically defined blender (Λ, U, Cuu,D) of uu-index
i and a hyperbolic periodic point q of u-index i. We say that Λ and q form a flip-
flop configuration, if there exist a disc ∆u ⊂ W u(q) and a compact submanifold with
boundary ∆s ⊂ W s(q) ∩ U such that:
(1) ∆u ∈ D and f−n(∆u) ∩ U = ∅, for any n ∈ N+;
(2) there exists N ∈ N such that for any integer n > N , fn(∆s) ∩ U = ∅;
Moreover, for any x ∈ ∆s, if f j(x) /∈ U for some j > 0, the forward orbit of
f j(x) is in the complement of U ;
(3) for any y ∈ ∆s, TyW s(q) ∩ Cuu = {0};
(4) there exist a compact set K ⊂ ∆s and a number η > 0 such that for any disc
D ∈ D, the disc D intersects K in a point whose distance to ∂D is no less
than η.
We denote the flip flop configuration as (Λ, U, Cuu,D,Oq,∆s,∆u).
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Remark 3.24. (1) By the item (4) in Definition 3.23, for the discs in D, their
diameters are uniformly bounded away from zero;
(2) It’s shown in [BBD, Proposition 4.2] that the existence of flip-flop configu-
ration is a robust property.
One says that a set V is a neighborhood of the flip-flop configuration
(Λ, U, Cuu,D,Oq,∆s,∆u), if its interior contains the set
Oq ∪ U ∪
⋃
j≥0
f j(∆s) ∪
⋃
j≥0
f−j(∆u).
Lemma 3.25. [BBD, Lemma 4.6]Let f ∈ Diff1(M). Assume that there exists a flip-
flop configuration (Λ, U, Cuu,D,Oq,∆s,∆u). For any small enough compact neigh-
borhood V of the flip-flop configuration, one has that the maximal invariant set of
V has a partially hyperbolic splitting of the form Ecs ⊕Euu, where dim(Euu) equals
the u-index of q. Moreover, there exists a strictly Df -invariant cone field CuuV over
V which continuously extends the cone field Cuu, such that any vector in CuuV is
uniformly expanded by Df .
Definition 3.26. Given a flip-flop configuration (Λ, U, Cuu,D,Oq,∆s,∆u). Let i be
the u-index of the periodic point q. We say that this configuration is split if there
exists a small compact neighborhood V of this configuration such that the maximal
invariant set of V admits a partially hyperbolic splitting of the form Ess⊕Ec⊕Euu,
where dim(Ess) = ind(Λ) and dim(Euu) = i.
The following proposition gives the existence of split flip-flop configuration, whose
proof can be found in [BBD, Section 5.2].
Proposition 3.27. [BBD] Let U be an open set of diffeomorphisms such that for any
f ∈ U , there exist two hyperbolic periodic points pf , qf of u-index ip > iq respectively
which continuously depend on f and are in the same chain class C(pf , f).
Then there exists an open and dense subset U˜ of U such that for any f ∈ U˜ and
any i ∈ (iq, ip], there exists a split flop-flop configuration formed by a dynamically
defined cu-blender of uu-index i− 1 and a hyperbolic periodic orbit of u-index i− 1.
4. Approximation of non hyperbolic ergodic measure by periodic
orbits: Proof of Theorem D.
In this section, we prove that all the non-hyperbolic ergodic measures supported
in a small enough neighborhood of the split flip-flop configuration are approximated
by hyperbolic periodic measures.
Consider f ∈ Diff1(M). Assume that there exists a split flip flop configuration
formed by a cu-blender horseshoe (Λ, C, Cuu,D) of u-index i + 1 and a hyperbolic
periodic point q of u-index i. Let ǫ0 be the strength of the strictly invariant family
D. We denote by Cu the center unstable invariant cone field defined in C. By the
definition of blender horseshoe, there exists τ1 > 1 such that
‖Df(v) ‖ > τ1 · ‖ v ‖ , for any x ∈ C ∩ f−1(C) and v ∈ Cu(x).
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By Lemma 3.25 and the definition of split flip flop configuration, there exist a small
neighborhood V of the configuration such that
• the maximal invariant Λ˜ in V admits a partially hyperbolic splitting TΛ˜M =
Ess ⊕ Ec ⊕Euu, where dim(Ec) = 1 and dim(Euu) = i.
• there exist a continuous extension CuuV of Cuu in V and a number τ2 > 1 such
that
‖Df(v) ‖ ≥ τ2 · ‖ v ‖ , for any x ∈ V ∩ f−1(V ) and any v ∈ Cuu(x).
We assume, in addition, that there exists a Df -strictly invariant cone field CuV in V
which is a continuous extension of the center unstable cone field Cu in C.
We denote by b = max{supx∈M ‖Dfx ‖ , supx∈M ‖Df−1x ‖ }.
Proposition 4.1. With the notation above. Let ν be a non-hyperbolic ergodic mea-
sure supported on Λ˜. Assume that there exists a periodic orbit Op ⊂ Λ and a point
y ∈ Λ˜∩W uloc(Op) in the basin of ν such that Orb(y, f) is far away from the boundary
of V .
Then ν is approximated by hyperbolic periodic orbits which are homoclinically
related to Λ.
Proof. By plaque family theorem, we fix plaque families W cu and W cs for Λ˜ such
that W cu(y) is foliated by discs tangent to cone field CuuV . Since y ∈ W uloc(Op) and
Λ is uniformly hyperbolic, there exists an integer N0 ∈ N, which is only depends on
the size of W uloc(Op) and Λ, such that f−N0(y) is a (τ1, Ec ⊕ Eu) expanding point.
By Lemma 3.12, there exists δ0 independent of y such that W
cu
δ0
(y) is contained in
the unstable manifold of y, which implies that W cuδ0 (y) ⊂W uloc(Op).
For any point z ∈ Λ˜, we denote by
W c(z) = W cu(z) ∩W cs(z),
then this gives a plaque family for Ec. For any z ∈ Λ˜ and any point w ∈ W i(z),
we denote by E˜i(w, z) = TwW
i(z) for i = c, cu. When there is no ambiguity, for
i = c, cu, we denote E˜i(w, z) as E˜i(w) for simplicity.
To fulfill the proof, we need the following lemma:
Lemma 4.2. For any ε > 0, there exist an integer N > 0 and a sequence of points
{zk}k∈N ⊂W uloc(Op) together with a sequence of positive integers {tk}k∈N such that
•
f tk(zk) ∈ W sloc(Op) and d
( 1
tk
tk−1∑
j=0
δfj(zk), ν
)
< ε;
• For any j ∈ [N, tk], we have that
−ε < 1
j
j−1∑
i=0
log ‖Df |
Ec(fj (zk))
‖ < ε;
• the sequence {tk}k∈N tends to infinity and the orbit segments
{{zk, tk}}k∈N
are contained in V .
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Proof. For any ǫ > 0 small, by the uniform continuity of Df on the unit tangent
bundle of TM , and the compactness of M and Λ˜, there exists δ ∈ (0, δ0) such that:
– Given x ∈ Λ˜. For any two points x1, x2 ∈ W cδ (x), one has that
−ǫ 6 log ‖Df |E˜c(x1) ‖ − log ‖Df |E˜c(x2) ‖ 6 ǫ;
– for any point z ∈ Λ˜ and any point w ∈ W cuδ (z), one has that
−ǫ ≤ logm(Df |E˜cu(w))− log ‖Df |Ec(z) ‖ ≤ ǫ;
– for any w1, w2 ∈ Λ˜ satisfying that d(w1, w2) < δ, we have that
| log ‖Df |
Ec(w1)
‖ − log ‖Df |
Ec(w2)
‖ | < ǫ/2;
– for any two points z1, z2 ∈ M satisfying that d(z1, z2) < δ, we have that
d(δz1, δz2) < ǫ/2, where δzi denotes the Dirac measure supported on the
point zi;
– for any point x ∈ Λ˜, one has that f(W cuδ (x)) ⊂W cu(f(x)).
By the choice of y, there exists an integer N such that for any n > N , we have that
(1) − ǫ < 1
n
n−1∑
i=0
log ‖Df |Ec(f i(y)) ‖ < ǫ and d
( 1
n
n−1∑
i=0
δf i(y), ν
)
< ǫ/2.
For any C1 curve γ ⊂ M , we denote by ℓ(γ) the length of γ. For any n ∈ N, we
take the C1 curve γn ⊂W c(y) such that
• ℓ(γn) = δ · e−4n·ǫ;
• the curve γn is centered at y.
Claim 4.3. There exists an integer N1 such that for any n > N1, we have that
ℓ(f i(γn)) < δ, for any integer i ∈ [0, n].
Proof. Recall that b ≥ maxx∈M ‖Dfx ‖ , then there exists an integer N1 satisfying
that
e−nǫ · bN < 1, for any n > N1,
Hence, for any n > N1 and any integer i ∈ [0, N ], we have the estimate:
ℓ(f i(γn)) =
∫ 1
0
‖ d
dt
f i(γn(t))‖dt ≤ bi · ℓ(γn) < δ;
We will prove this claim for i ∈ (N, n] inductively. Assume that for any integer
j ≤ i ∈ (N, n), we have that ℓ(f j(γn)) < δ, then by the choice of δ and N , we have
that
ℓ(f i+1(γn)) =
∫ 1
0
‖ d
dt
f i+1(γn(t))‖dt ≤
∫ 1
0
i∏
j=0
‖Df |E˜c(fj(γn(t))) ‖ ‖γ′n(t)‖dt
≤
∫ 1
0
e(i+1)ǫ ·
i∏
j=0
‖Df |Ec(fj(y)) ‖ ‖γ′n(t)‖dt
< δ.
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
By Claim 4.3 and the choice of δ, for any n > N1, we have the estimate:
ℓ(fn(γn)) =
∫ 1
0
‖ d
dt
fn(γn(t))‖dt
≥
∫ 1
0
e−nǫ
n−1∏
j=0
‖Df |Ec(fj(y)) ‖ ‖γ′n(t)‖dt
≥ δ · e−6nǫ.
A i+ 1-dimensional disc Dcu ⊂ V is called a uu-foliated cu-disc, if one has that
• the disc Dcu is tangent to the center unstable cone field CuV
• there exists a C1 embedding φ : [0, 1] × [0, 1]i 7→ M such that φ([0, 1] ×
[0, 1]i) = Dcu and for any t ∈ [0, 1], φ({t} × [0, 1]i) is a disc tangent to CuuV .
The central length ℓc(Dcu) of Dcu is defined as the infimum of the length of the C1
curves contained in Dcu joining the discs φ({0} × [0, 1]i) and φ({1} × [0, 1]i). Two
discs φ({0}× [0, 1]i) and φ({1}× [0, 1]i) are called the vertical boundary components
of Dcu.
Consider a submanifold Sn which is the ℓ(γn) tubular neighborhood of W
uu
δ (y) in
W cu(y), then Sn is a uu-foliated cu-disc for n large and is contained in W
u
loc(Op),
moreover, the central length of Sn is δ · e−4nǫ. We denote by Sn(i) the connected
component of f i(Sn) ∩Bδ(f i(y)) which contains f i(y) (see Figure 1).
p y
f
Sn
f f
Sn(1)
· · ·
≥ δe−6nǫ
Sn(i)
≥ δe−6nǫ
Figure 1.
By Claim 4.3 and uniform expansion of Df along the cone field CuuV , one has that
• Sn(i) is a uu-foliated cu-disc whose vertical boundary components are con-
tained in the f i-image of the vertical boundary components of Sn;
• Sn(i) is saturated by the discs tangent to CuuV with diameter of size δ, for
i = 1, · · · , n.
Claim 4.4. The central length of Sn(i) is no less than δ · e−6nǫ, for each i ∈ [1, n].
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Proof. Given i ∈ [1, n], for any C1 curve ξ(t)t∈[0,1] contained in Sn(i) which joins
the two vertical boundary components of Sn(i), one has that f
−i(ξ(t)) is a C1 curve
joining the vertical boundary components of Sn. Moreover, by the definition of
Sn(i), one has that for any j ∈ [1, i], one has that f−i+j(ξ(t)) ⊂W cuδ (f j(y)).
Since ℓ(f−i(ξ(t))) ≥ δ · e−4nǫ, by the choice of δ, one has that
ℓ(ξ(t)) = ℓ(f i ◦ f−i(ξ(t)))
=
∫ 1
0
‖Df i d
dt
f−i(ξ(t)) ‖ dt
≥
∫ 1
0
e−nǫ ·
i−1∏
j=0
‖Df |Ec(fj(y)) ‖ ‖ d
dt
f−i(ξ(t)) ‖ dt
≥ e−2nǫ · ℓ(f−i(ξ(t)))
≥ δ · e−6nǫ

By the definition of flip-flop configuration and the choice of y, there exists a
sequence of positive integers {nk}k∈N tending to infinity, such that fnk(y) is in a
small neighborhood of ∆u, hence fnk(y) is in C. Consider the cu-disc Snk , by Claim
4.4, we have that Snk(nk) is a cu-disc of central length at least δ · e−6·nk·ǫ.
Recall that τ2 > 1 is a number such that for any x ∈ V ∩ f−1(V ) and v ∈ CuuV (x),
one has that ‖Df(v) ‖ ≥ τ2‖ v ‖ . We denote by N(δ) the smallest integer satisfying
that τ
N(δ)
2 · δ ≥ b0, where b0 is the upper bound for the diameters of the uu-discs in
the family D, then N(δ) ≤ log b0−log δ
log τ2
+ 1. By the Df -strictly invariant property of
the cone fields CuV , CuuV and the fact that Orb(y, f) is far away from the boundary of
V , there exists an integer n˜k such that
• nk − n˜k ∈ (0, N(δ)];
• Denote by S˜nk(nk) the connected component of fnk−n˜k(Snk(n˜k))∩V contain-
ing fnk(y). Then S˜nk(nk) contains a cu-strip S˜k in the characteristic region
of blender horseshoe (see Figure 2) such that for the central length ℓc(S˜k) of
S˜k , one has
ℓc(S˜k) ≥ b−N(δ) · δ · e−6·nk·ǫ.
Due to the uniform expansion of Df along the cone field CuuV , each point in
f−nk(S˜k) would stay close to the orbits segment {y, . . . , fnk(y)} for a large proportion
of time in [ 0, nk ] ∩ N; moreover, the proportion would tend to 1 when nk tends to
infinity.
We will iterate S˜k to make it cut the local stable manifold of Op transversely. Let
ǫ0 be the strength of the strictly invariant family D, and we denote by
[r] = sup{n ∈ Z : n ≤ r} and Nk =
[6 · nk · ǫ
log τ1
+
log ǫ0 − log δ + log b ·N(δ)
log τ1
]
+ 1.
Since the integer N in Lemma 3.22 is a constant, for simplicity, we take its value
as 0. By Lemma 3.20, Lemma 3.22 and the choice of Nk, there exists an integer
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f f f
· · ·
Euu
Ess
Ec
Figure 2.
N˜k ≤ Nk such that f N˜k(S˜k) ∩ C contains a connected component which intersects
the local stable manifold of Op in a point z. Denote by
tk = N˜k + nk and zk = f
−tk(z),
then one has that zk ∈ Λ˜ and satisfies the third item of Lemma 4.2.
Since the choice of δ is independent of nk, by the fact that |n˜k − nk| ≤ N(δ), we
can take nk large enough such that
N(δ) +Nk
n˜k
<
7ǫ
log τ1
.
By the choice of δ and zk, for any j ∈ [N, n˜k], we have that
•
d(
1
j
j−1∑
i=0
δf i(zk),
1
j
j−1∑
i=0
δf i(y)) <
ǫ
2
;
•
∣∣1
j
j−1∑
i=0
log ‖Df |
Ec(fi(zk))
‖ − 1
j
j−1∑
i=0
log ‖Df |
Ec(fi(y))
‖ ∣∣ < ǫ
2
.
24 CHRISTIAN BONATTI AND JINHUA ZHANG
On the other hand, when nk is large enough, we have that
d
( 1
tk
tk−1∑
i=0
δf i(zk),
1
n˜k
n˜k−1∑
i=0
δf i(y)
)
≤ d( 1
tk
tk−1∑
i=0
δf i(zk),
1
n˜k
n˜k−1∑
i=0
δf i(zk)
)
+ d
( 1
n˜k
n˜k−1∑
i=0
δf i(zk),
1
n˜k
n˜k−1∑
i=0
δf i(y)
)
≤ tk − n˜k
tk
· (1 + 1
n˜k
) +
ǫ
2
<
7
log τ1
ǫ+
ǫ
2
and for any j ∈ (n˜k, tk]∣∣∣1
j
j−1∑
i=0
log ‖Df |
Ec(fi(zk))
‖ − 1
n˜k
n˜k−1∑
i=0
log ‖Df |
Ec(fi(y))
‖
∣∣∣
≤
∣∣∣1
j
n˜k−1∑
i=0
log ‖Df |
Ec(fi(zk))
‖ − 1
n˜k
n˜k−1∑
i=0
log ‖Df |
Ec(fi(y))
‖
∣∣∣+ ∣∣∣1
j
j−1∑
i=n˜k
log ‖Df |
Ec(fi(zk))
‖
∣∣∣
<
ǫ
2
+
7
log τ1
· ǫ · log b.
As a consequence, we have that
d(
1
tk
tk−1∑
i=0
δf i(zk), ν) < ǫ+
7
log τ1
ǫ
and ∣∣1
j
j−1∑
i=0
log ‖Df |
Ec(fi(zk))
‖ ∣∣ < ǫ+ 7 log b
log τ1
· ǫ, for any j = N, · · · , tk.
Let c = max{1+ 7 log b
log τ1
, 1+ 7
log τ1
}, then we only need to take ǫ small such that c·ǫ < ε,
ending the proof of Lemma 4.2. 
Consider the convex sum {αδOp + (1 − α)ν}α∈[0,1]. We fix α ∈ (0, 1], then the
mean center Lyapunov exponent of αδOp + (1− α)ν is:
λc(αδOp + (1− α)ν) = αλc(δOp) > 0.
Denote by
λ = exp(−λc(αδOp + (1− α)ν)) ∈ (0, 1).
We take ε < − log λ
16
small. By the uniform continuity of log ‖Df |Ec ‖ over Λ˜, there
exists δ1 > 0 such that for any w1, w2 ∈ Λ˜ satisfying that d(w1, w2) < δ1, we have
that ∣∣ log ‖Df |Ec(w1) ‖ − log ‖Df |Ec(w2) ‖ ∣∣ < − log λ16 .
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By Lemma 3.7, we get two numbers L > 0 and d0 > 0 such that for any d ∈ (0, d0),
one has that every
√
λ-quasi hyperbolic periodic d-pseudo orbit corresponding to the
splitting TΛ˜M = E
ss ⊕ (Ec ⊕Euu) is L · d shadowed by a periodic orbit.
For any d ∈ (0,min{d0, δ1}) small enough whose precise value would be fixed
later, there exists an integer Nd such that
f−Nd(W uloc(Op)) ⊂W ud/2(Op) and fNd(W sloc(Op)) ⊂W sd/2(Op).
By Lemma 4.2, there exist an integer N , a sequence of points {zk}k∈N in Λ˜ and a
sequence of integers {tk}k∈N tending to infinity such that
•
d
( 1
tk
tk−1∑
j=0
δfj(zk), ν
)
< ε;
•
zk ∈ W uloc(Op) and f tk(zk) ∈ W sloc(Op);
• For any j ∈ [N, tk], we have that
(2) − ε < 1
j
j−1∑
i=0
log ‖Df |
Ec(fj(zk))
‖ < ε.
Claim 4.5. there exist integers mk and tk arbitrarily large such that
•
|mk
tk
− α
1− α |+
2Nd
tk
< ε;
• The orbit segment {f−Nd(zk), . . . , fNd+tk+mk(zk)} is a
√
λ-quasi hyperbolic
string corresponding to the splitting Ess ⊕ (Ec ⊕ Euu).
−Nd n˜k nk tk +Nd mk + tk +Ndtk
following the orbit of y staying close to Op
0
Figure 3.
Proof. Since the sequence {tk} tends to infinity, one can take a sequence of positive
integers {mk}k∈N tending to infinity such that
lim
k→∞
|mk
tk
− α
1− α |+
2Nd
tk
= 0,
hence, for k large enough, the first item is satisfied.
We denote by πk,d = 2Nd + tk +mk. By the choice of Nd, we have that
d(f−Nd(zk), fNd+tk+mk(zk)) < d.
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Since d is less than δ1 and the integers tk, mk can be chosen arbitrarily large, by the
choice of ε and Equation (2), one has the following estimate:
1
πk,d
πk,d−1∑
j=0
log ‖Df |Ec(fj−Nd (zk)) ‖ =
1
πk,d
tk+Nd−1∑
j=0
log ‖Df |Ec(fj−Nd (zk)) ‖
+
1
πk,d
πk,d−1∑
j=tk+Nd
log ‖Df |Ec(fj−Nd (zk)) ‖
≥ tk +Nd
πk,d
log λ
16
+
mk +Nd
πk,d
(− log λ
α
+
log λ
16
)
>
−3 log λ
4
By Pliss lemma, there exist a number ρ ∈ (0, 1) only depending on λ and a
sequence of points {s1, · · · , sl} ⊂ {0, · · · , πk,d − 1} such that
•
l
πk,d
≥ ρ;
•
si−1∏
l=j
‖Df |Ec(f l−Nd (zk)) ‖ ≥ (
1√
λ
)si−j+1, for any j = 0, · · · , si − 1.
By Equation (2), we have that {s1, · · · , sl} ∩ [Nd + N,Nd + tk] = ∅. Since the
center Lyapunov exponent of Op is − log λα and f tk+Nd(zk) ∈ W sd/2(Op), when k is
chosen large, we have that
1
πk,d − i
πk,d−1∑
j=i
log ‖Df |Ec(fj−Nd (zk)) ‖ >
− log λ
2
, for any i = 0, · · · , πk,d − 1.
Since Ess is uniformly contracting and Ess ⊕ (Ec ⊕Euu) is a dominated splitting
over Λ˜, the orbit segment {f−Ndzk, . . . , fNd+tk+mk(zk)} is a
√
λ-quasi hyperbolic
string corresponding to the splitting Ess ⊕ (Ec ⊕ Euu).
This ends the proof of Claim 4.5. 
By Lemma 3.7, there exists a periodic orbit Op1 of period πk,d such that
d(f i(p1), f
i(zk,d)) < L · d, for any i ∈ [0, πk,d − 1].
When d is chosen small enough, by the second item of Claim 4.5 and uniform
continuity of the function log ‖Df |
Ec
‖ defined on Λ˜, we have that p1 is a ( 14√λ , Ec⊕
Euu) expanding point; By Lemma 3.12, the point p1 has uniform size of unstable
manifold independent of d. Once again, when d is chosen small, by the fact that
the strong stable manifolds of p1 and of Op are the stable manifolds of p1 and of Op
respectively, we have that Op1 and Op are homoclinically related.
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On the other hand, when d is chosen small, by the first item of Claim 4.5 and the
first item of Lemma 4.2, one can check that
d(δOp1 , αδOp + (1− α)ν) < 4ε.
Hence, αδOp + (1 − α)ν is approximated by periodic measures whose supports are
periodic orbits homoclinically relate to Op.
By the arbitrary choice of α and compactness of the set {αδOp+(1−α)ν|α ∈ [0, 1]},
ν is approximated by periodic measures, ending the proof of Proposition 4.1. 
Now we are ready to give the proof of Theorem D.
Proof of Theorem D. Recall that the open set V is a small neighborhood of the split
flip flop configuration (Λ, C, Cuu,D,Oq,∆s,∆u) such that the maximal invariant set
Λ˜ in V is partially hyperbolic with center dimension one. Up to shrinking V , we
can assume that V = U ∪ V1 ∪ V2 ∪W such that
• U is a small open neighborhood of C satisfying that the maximal invariant
set in U is Λ;
• V1 and V2 are small neighborhoods of ∪i∈Nf i(∆s) and of ∪i∈Nf−i(∆u) respec-
tively;
• W is a small neighborhood of Oq such that the maximal invariant set in W
is Oq.
Now, we will choose a small neighborhood V0 ⊂ V of the flip flop configuration
such that any non-hyperbolic ergodic measure supported on the maximal invariant
set Λ˜0 in V0 satisfying the conditions in Proposition 4.1.
By assumption, there exists an integerN such that for any point x ∈ ∩Ni=−Nf i(U)∩
Λ˜, there exists a periodic point p ∈ Λ such that W ssloc(x) intersects W uloc(p). For
simplicity, we assume that the periodic point q is a fixed point. We take a small
neighborhood W ′ ⊂W of Oq such that
log ‖Df |Ec(x) ‖ < λ < 0, for any point x ∈ W ′ ∩ Λ˜.
On the other hand, there exists an integer N0 such that f
N0(∆s) ∪ f−N0(∆u) is
contained in W ′. Let N˜ be the smallest integer satisfying
N˜ > (2N + 2N0)
b
|λ| , where b = maxx∈M ‖Df(x) ‖ .
We take a small neighborhood W0 of Oq such that
W0 ∪ · · · ∪ f N˜(W0) ⊂W ′.
Let U0 ( U be a neighborhood of C. By the first and the second items in the
definition of flip flop configuration, one can take small neighborhoods V ′1 ⊂ V1 and
V ′2 ⊂ V2 of the sets Orb+(∆s, f) and Orb−(∆u, f) respectively such that any point
x ∈ Λ˜0\Λ, where Λ˜0 is the maximal invariant set of U0 ∪ V ′1 ∪ V ′2 ∪W0, the positive
orbit of x intersects W0.
Let V0 = U0 ∪ V ′1 ∪ V ′2 ∪ W0 ⊂ V . By the choice of W ′ and W0, for any non-
hyperbolic ergodic measure ν ∈ Merg(Λ˜0, f) and any point x in the basin of ν, the
forward orbit of x contains an orbit segment of length 2N + 1 which are contained
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in U , hence there exists a point y in the basin of ν such that W ssloc(y) intersects the
local unstable manifold of a periodic point contained in Λ in a point z; moreover, by
the uniform contraction for the local strong stable manifold, the closure of the orbit
of z is strictly contained in V . Now, by applying ν, Λ˜ and V to Proposition 4.1, one
has that ν is accumulated by periodic measures, ending the proof of Theorem D. 
5. The closure of periodic measures contains a segment joining δOq
to a measure in the blender: Proof of Theorem C
Given a split flip flop configuration (Λ, C, Cuu,D,Oq,∆s,∆u) of f ∈ Diff1(M)
formed by a blender horseshoe (Λ, C, Cuu,D) and a hyperbolic periodic point q. In
this section, we prove that there exists an invariant measure µ (maybe non-ergodic)
supported on Λ such that the convex combination {αµ + (1 − α)δOq ;α ∈ [0, 1]} is
approximated by periodic measures.
We take a small neighborhood V of the split flip flop configuration such that the
maximal invariant Λ˜ in V is partially hyperbolic with center dimension one. We
assume, in addition, that there exist two Df strictly invariant cone fields CuV and
CuuV in V , which are continuous extensions of the center unstable cone fields Cu and
the strong unstable cone field Cuu in C respectively.
Let’s fix a sequence of function {gi}+∞i=1 which is a dense subset of C0(M,R). Then
{gi}+∞i=1 determines a metric on the probability measure space on M in the following
way: for any probability measures ν1, ν2 on M , we have
d(ν1, ν2) =
∞∑
i=1
| ∫ gi dν1 − ∫ gi dν2|
2i‖ gi ‖
C0
.
Since the disc ∆u ⊂ W u(q) belongs to D, by the strictly invariant property of
D, this segment would intersect with the local stable manifold of Λ in a (Cantor)
set which is denoted as C. For any point x ∈ C, there exists a sequence of discs
{Di}i∈N ⊂ D such that
• f i(x) ∈ Di for any i ∈ N;
• D0 = ∆u and Di+1 ⊂ f(Di), for any i ∈ N.
Theorem 5.1. With the assumption above. Given x ∈ C and let µ be an accumula-
tion of { 1
n
∑n−1
i=0 δf i(x)}n∈N. Then the convex combination {αµ+(1−α)δOq |α ∈ [0, 1]}
is contained in the closure of the set of periodic measures.
Now Theorem C is directly from Theorem 5.1. Hence, we only need to prove
Theorem 5.1.
Recall that the mean center Lyapunov exponent of the invariant measure αµ +
(1− α)δOq , by definition, is
λc(αµ+ (1− α)δOq) = αλc(µ) + (1− α)λc(δOq),
hence there exists α0 ∈ [0, 1] such that
α0λ
c(µ) + (1− α0)λc(δOq) = 0.
The proof of Theorem 5.1 consists in two parts. We first show that for any
α ∈ [0, α0], αµ + (1 − α)δOq is accumulated by periodic measures. Then we show
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the other half convex combination is also approached by periodic measures. The
proof of these two parts are quite different. But their proofs still consist in finding
quasi hyperbolic periodic pseudo orbits and applying Lemma 3.7 to find the periodic
orbits.
Lemma 5.2. For any α ∈ [0, α0], the invariant measure αµ + (1 − α)δOq is accu-
mulated by a sequence of periodic orbits which are homoclinically related to Oq in
V .
Proof. We fix α ∈ (0, α0), then λc(αµ+ (1− α)δOq) is negative.
Let λ = exp(λc(αµ+(1−α)δOq)). By Lemma 3.7, there exist two positive numbers
L and d0 such that for any d ∈ (0, d0], every (λ + 1)/2-quasi hyperbolic periodic
d-pseudo orbit corresponding to the splitting TΛ˜M = (E
ss ⊕ Ec) ⊕ Euu is L · d
shadowed by a periodic orbit.
By the continuity of center distribution, there exists δ > 0 such that for any
z1, z2 ∈ Λ˜ satisfying d(z1, z2) < δ, we have that
4λ
1 + 3λ
≤ ‖Df |Ec(z1) ‖‖Df |Ec(z2) ‖
≤ 1 + 3λ
4λ
.
For any d ∈ (0,min{d0, δL}) whose precise value would be fixed at the end, there
exists a positive integer Nd such that
fNd(∆s) ⊂ W sd/2(q) and f−Nd(∆u) ⊂ W ud/2(q).
Let τ0 > 1 be a number such that for any point x ∈ V ∩ f−1(V ) and v ∈ CuuV (x),
one has ‖Df(v) ‖ ≥ τ0‖ v ‖ . We denote by Nδ = [ log b0−log δlog τ0 ] + 1, where b0 is an
upper bound for the diameters of the discs in D.
In the following, we will find a (λ+1)/2-quasi hyperbolic periodic d-pseudo orbit
which will stay almost α proportion of time to follow an orbit segment of x and
(1− α) proportion of time to follow the orbit of Oq; then we apply Lemma 3.7.
For any ǫ > 0, there exists an integer n arbitrarily large such that
d(
1
n
n−1∑
i=0
δf i(x), µ) < ǫ.
We choose the δ neighborhood of x in W u(Oq) and denote it as Dux . Consider the
connected component Dux(n) of f
n(Dux) ∩ Bδ(fn(x)) which contains fn(x). By the
choice of Nδ, one gets that f
Nδ(Dux(n)) contains a disc in D, hence f
Nδ(Dux(n))
has transverse intersection with ∆s. By the choice of Nd, there exists a transverse
intersection y between fNδ+Nd(Dux(n)) and W
s
d/2(q).
Consider the orbit segment σm,n = {f−mπ(q)−n−2Nd−Nδ(y), · · · , y}. We denote by
tm,n = mπ(q) + n+ 2Nd +Nδ and tn = n + 2Nd +Nδ.
Notice that for any m ∈ N, we have d(f tm,n(y), y) < d.
We denote by b = max{supx∈M ‖Df(x) ‖ , supx∈M ‖Df−1(x) ‖ }.
Claim 5.3. There exist n and m arbitrarily large such that
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• ∣∣∣ n
mπ(q)
− α
1− α
∣∣∣ + 2Nd +Nδ
n
· b < ǫ;
•
d(
1
tn
tn−1∑
i=0
δf−i(y), µ) < ǫ;
• σm,n is a (1+λ)/2-quasi hyperbolic string corresponding to the splitting (Ess⊕
Ec)⊕ Euu.
The proof of Claim 5.3 is just like the one of Claim 4.5.
Using Lemma 3.7, we can get a periodic orbit Oq1 of period tm,n such that
d(f j(q1), f
j(f−tm,n(y))) < L · d, for any j = 0, · · · , tm,n − 1.
Arguing as before, when d is chosen small enough, one has that
• d(δOq1 , αµ+ (1− α)δOq) < 4 · ǫ;• Oq1 is homoclinically related to Oq.
Hence, αµ+(1−α)δOq is approximated by periodic orbits which are homoclinically
related to Oq.
This ends the proof of Lemma 5.2. 
For α ∈ [0, α0), the property of ∆u helps to find the type of quasi hyperbolic string
that we need. For the case α ∈ (α0, 1], the quasi hyperbolic string that we need
is another type, that is, we want Df along the center direction to have expanding
behavior on the quasi hyperbolic string. Indeed, using the strategy above, we can
start from a small neighborhood of Λ then go arbitrarily close to Oq to stay for
arbitrarily long time; however, after that, it is not clear if we can go arbitrarily close
to x by an arbitrarily small proportion of time.
To deal with this situation, we change the strategy. The proof for the case α ∈
(α0, 1] strongly depends on the fact that α0µ + (1 − α0)δOq is approximated by
hyperbolic periodic orbits homoclinically related to Oq.
Proposition 5.4. With the assumption we posed at the beginning of this section.
There exists a constant ρ > 0, such that for any hyperbolic periodic orbit Oq′ which
is homoclinically related to Oq in V , any ǫ > 0, any hyperbolic periodic orbit Op ⊂ Λ
and α ∈ (0, 1) satisfying that
λc
(
αδOp + (1− α) δOq′
)
> 0,
one has that there exists a hyperbolic periodic orbit Op0 homoclinically related to Op
such that:
d
(
δOp0 , αδOp + (1− α) δOq′
)
< ρ · (1− α) · |λc(Oq′)|+ ǫ.
Proof. For ǫ > 0, there exists an integer N large enough such that
2
∞∑
i=N
1
2i
<
ǫ
2
.
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Then there exists δ > 0 such that for any x, y satisfying d(x, y) < δ, we have that
|gi(x)− gi(y)| < ǫ
8
‖ gi ‖
C0
, for any i = 1, · · · , N.
Let ǫ0 be the strength of D. Since Oq′ is homoclinically related to Oq in V ,
by Inclination Lemma and the definition of flip-flop configuration, there exist two
compact submanifolds ∆s(q′) ⊂W s(Oq′) and ∆u(q′) ⊂ W u(Oq′) such that
•
∆u(q′) ∈ Vǫ0/4(D);
•
Orb−(∆u(q′)) ∪ Orb+(∆s(q′)) ⊂ V ;
• for any Du ∈ D, the disc Du intersects the interior of ∆s(q′) transversely.
Let λ = exp
(− λc(αδOp + (1− α)δOq′ )). By Lemma 3.7, there exist two positive
numbers L and d0 such that for any d ∈ (0, d0], every (λ + 1)/2-quasi hyperbolic
periodic d-pseudo orbit corresponding to the splitting TΛ˜M = E
ss ⊕ (Ec ⊕ Euu) is
L · d shadowed by periodic orbit.
We choose a number d ∈ (0,min{d0, δ}] small enough such that L · d is much less
than δ; the precise value of d would be fixed at the end. By the choice of ∆s(q′) and
∆u(q′), there exists an integer N1d satisfying that:
fN
1
d (∆s(q′)) ∪ f−N1d (∆u(q′)) ⊂ Bd/2(Oq′).
Up to increasing N1d , we can assume that f
N1
d (W sloc(Λ)) ⊂W sd/2(Λ).
By the transitivity of Λ, Remark 3.16 and the strictly invariant property of D,
there exist N2d ∈ N and a disc D0 ⊂W ud/2(Op) such that
fN
2
d (D0) ∈ D and ∪N
2
d
i=0 f
i(D0) ⊂ C.
Up to increasing N1d or N
2
d , we can assume that N
1
d = N
2
d and we denote it by Nd.
We fix two plaque families W cs and W cu corresponding to the bundle Ess ⊕ Ec
and to bundle Ec ⊕Euu respectively.
By the choice of ∆s(q′), the disc fNd(D0) intersects ∆s(q′) transversely and we
denote the intersection as y, then one has that
•
Orb(y, f) ⊂ V ;
•
Orb−(f−Nd(y)) ⊂W ud/2(Op) and Orb+(fNd(y)) ⊂W sd/2(Oq′).
By Lemma 3.12, there exists a number δd > 0 such that
W cs2δd(y) ⊂ f−Nd(W sd/2(O′q)) and W cu2δd(y) ⊂ fNd(W ud/2(Op)).
Since ∆u(Oq′) ⊂W u(Oq′), by uniform expansion of Df along the strong unstable
cone field CuuV , there exists an integer N ′d large such that for any disc D tangent to
the cone field CuuV , if D intersects W sd/2(Oq′) transversely in a point whose distance
to the relative boundary of D is no less than δd, we have that f
N ′
d(D) contains a
disc belong to Vǫ0/2(D). Up to increasing Nd or N ′d, we can assume that Nd = N ′d.
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Let S(y) be the δd tubular neighborhood of W
uu
δ (y) in W
cu(y), hence one has
S(y) ⊂ W cu2δd(y). We denote by Sn(y) the connected component of fn+Nd(S(y)) ∩
Bd/2(O′q) which contains fn+Nd(y) for any n ∈ N, and we denote by
b = max{supx∈M ‖Dfx ‖ , supx∈M ‖Df−1x ‖ }. Since the center Lyapunov exponent
of the orbit of q′ is negative, when n is chosen large enough, arguing as Claim 4.3
and Claim 4.4, one has that Sn(y) is a uu-foliated cu-disc satisfying that
• the central length of Sn(y) is at least exp(n(λc(Oq′)− ǫ)) · δd · b−Nd ;
• Sn(y) is foliated by discs of size δd tangent to the cone field CuuV .
Then fNd(Sn(y)) contains a cu-strip D
cu in C foliated by uu-discs in Vǫ0/2(D) such
that for the central length ℓc(Dcu) of Dcu, one has
ℓc(Dcu) ≥ exp(nλc(Oq′)) · δd · b−Nd.
Let τ > 1 be a number such that
‖Df(v) ‖ ≥ τ‖ v ‖ , for any x ∈ C ∩ f−1(C) and any v ∈ Cu(x).
Following the strategy in Lemma 4.2, there exists a constant cd independent of n
and an integer k such that
• fk(Dcu) intersects the local stable manifold of Op;
• f i(Dcu) does not intersect the local stable manifold of Op, for i < k;
• when n is chosen large enough, we have an upper bound for k:
(3) k ≤ 2n · π(q
′) · |λc(Oq′)|+ cd
log τ
.
Let x be the intersection of fk(Dcu) and W sloc(Op).
We denote by xn,d = f
−2Nd−nπ(q′)−k(x). For any positive integer m, consider the
orbit segment
σm,n = {xn,d, · · · , fmπ(p)+Nd(x)},
Notice that d(xn,d, f
mπ(p)+Nd(x)) < d.
Claim 5.5. There exist integers m and n arbitrarily large such that
• ∣∣nπ(q′)
mπ(p)
− 1− α
α
∣∣ + ∣∣mπ(p)
nπ(q′)
− α
1− α
∣∣ < ǫ
16
;
•
cd + 3Nd
n
· (1 + 1
log τ
) <
ǫ
16
• {xn,d, · · · , fmπ(p)+Nd(x)} is a (1 + λ)/2 quasi hyperbolic string corresponding
to the splitting Ess ⊕ (Ec ⊕ Euu).
Nd0 nπ(q
′) +Nd nπ(q′) + 3Nd + k
mπ(p) + nπ(q′) + k + 3Nd
staying close to the orbit of q′ staying close to the orbit of p
Figure 4.
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The proof of this claim is exactly as the proof of Claim 4.5.
By Lemma 3.7, there exists a periodic orbit Op0 of period nπ(q′)+mπ(p)+3Nd+k
such that for any i = 0, · · · , π(p0)− 1, we have
d(f i(xn,d), f
i(p0)) < L · d.
Arguing as before, when d is chosen small enough, we have thatOp0 is homoclinically
related to Op in V .
We denote by
– I1 = {Nd, · · · , Nd + nπ(q′)− 1};
– I2 = {0, · · · , Nd − 1} ∪ {Nd + nπ(q′), · · · , 3Nd + k + nπ(q′)− 1};
– I3 = {3Nd + k + nπ(q′), · · · , π(p0)− 1}.
By the choice of σm,n and the fact that the orbit of p0 shadows σm,n at a distance
of L · d, we have that
•
d(f j(p0), f
j−Nd(q′)) < L · d+ d, for any j ∈ I1;
•
d(f j(p0), f
j−3Nd−k−nπ(q′)(p)) < L · d+ d, for any j ∈ I3.
Claim 5.6. For each integer i ∈ [1, N ], we have that
∣∣∣ ∫ gi dδOp0 −α
∫
gi dδOp − (1−α)
∫
gi dδOq′
∣∣∣ < ( ǫ
2
+
2|λc(Oq′)|
log τ
· (1−α)) · ‖ gi ‖
C0
.
Proof. For each i ∈ [1, N ], we have that∣∣∣ ∫ gi dδOp0 − α
∫
gi dδOp − (1− α)
∫
gi dδOq′
∣∣∣
≤
∣∣∣ 1
π(p0)
∑
j∈I1
gi(f
j(p0))− (1− α)
∫
gi dδOq′
∣∣∣ + ∣∣∣ 1
π(p0)
∑
j∈I2
gi(f
j(p0))
∣∣∣
+
∣∣∣ 1
π(p0)
∑
j∈I3
gi(f
j(p0))− α
∫
gi dδOp
∣∣∣.
By the choice of I1, we have the estimate:∣∣∣ 1
π(p0)
∑
j∈I1
gi(f
j(p
0
))− (1− α)
∫
gi dδOq′
∣∣∣
<
∣∣∣ 1
π(p0)
(∑
j∈I1
gi(f
j(p0))−
∑
j∈I1
gi(f
j(q′)
)∣∣∣+ ∣∣∣(nπ(q′)
π(p0)
− 1 + α)
∫
gi dδOq′
∣∣∣
≤ ǫ
8
‖ gi ‖
C0
+
∣∣∣nπ(q′)
π(p0)
− 1 + α
∣∣∣ · ‖ gi ‖
C0
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By Equation ( 3) and Claim 5.5, when m,n are chosen large, we have that
∣∣nπ(q′)
π(p
0
)
− 1 + α∣∣ ≤ ∣∣nπ(q′)
π(p
0
)
− nπ(q
′)
nπ(q′) +mπ(p)
∣∣+ ∣∣ nπ(q′)
nπ(q′) +mπ(p)
− 1 + α∣∣
≤ (k + 3Nd)
nπ(q′) +mπ(p)
· nπ(q
′)
nπ(q′) +mπ(p)
+
ǫ
16
<
3|λc(Oq′)|
log τ
· (1− α)2 + ǫ
8
.
Hence, we have that∣∣∣ 1
π(p0)
∑
j∈I1
gi(f
j(p0))− (1−α)
∫
gi dδOq′
∣∣∣ < ǫ
4
‖ gi ‖
C0
+
3|λc(Oq′)|
log τ
· (1−α)2 · ‖ gi ‖
C0
Similarly, by choosing m,n large enough, we also have that∣∣∣ 1
π(p0)
∑
j∈I2
gi(f
j(p0))
∣∣∣ < 3Nd + k
π(p0)
‖ gi ‖
C0
<
3|λc(Oq′)|
log τ
· (1− α)‖ gi ‖
C0
,
∣∣∣ 1
π(p0)
∑
j∈I3
gi(f
j(p
0
))− α
∫
gi dδOp
∣∣∣ < ǫ
4
‖ gi ‖
C0
+
3|λc(Oq′)|
log τ
· α · (1− α) · ‖ gi ‖
C0
Hence, we have that for any i ∈ [1, N ],∣∣∣ ∫ gi dδOp0 −α
∫
gi dδOp − (1−α)
∫
gi dδOq′
∣∣∣ < ( ǫ
2
+
6|λc(Oq′)|
log τ
· (1−α)) · ‖ gi ‖
C0
.
This ends the proof of Claim 5.6 
By the choice of N and Claim 5.6, we have
d
(
δOp
0
, αδOp + (1− α)δOq′
)
=
∞∑
i=1
| ∫ gi dδOp0 − α ∫ gi dδOp − (1− α) ∫ gi dδOq′ |
2i‖ gi ‖
C0
<
N∑
i=1
| ∫ gi dδOp0 − α ∫ gi dδOp − (1− α) ∫ gi dδOq′ |
2i‖ gi ‖
C0
+
ǫ
2
< ǫ+
6|λc(Oq′)|
log τ
· (1− α).
We take ρ = 6
log τ
, ending the proof of Proposition 5.4. 
Remark 5.7. The conclusion of Proposition 5.4 also explains the main obstruction
to obtain the approximation of the convex combination between two hyperbolic ergodic
measures of different indices by periodic measures.
As an application of Proposition 5.4, we have the following corollary:
Corollary 5.8. For any α ∈ (α0, 1], the measure αµ + (1 − α)δOq is accumulated
by a sequence of periodic orbits which are homoclinically related to Λ.
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Proof. By Lemma 5.2, we have a sequence of hyperbolic periodic orbits Oqn which
are related to Oq such that δOqn converges to α0µ+ (1− α0)δOq .
By Theorem 3.1, there exists a sequences of periodic orbits Opn ⊂ Λ such that
δOpn converges to µ.
We denote by
Bn = {β ∈ [0, 1] : λc(βδOqn + (1− β)δOpn ) > 0}.
By Proposition 5.4, there exists a constant ρ > 0 such that for any β ∈ Bn, we
have that βδOqn + (1 − β)δOpn is approximated by periodic measures with an error
bounded by ρ · λc(Oqn).
Since the set {βδOqn + (1 − β)δOpn : β ∈ Bn} tends to the set {αµ+ (1 − α)δOq :
α ∈ [α0, 1]} and λc(Oqn) tends to zero, the invariant measure αµ + (1 − α)δOq is
approximated by periodic measures, for any α ∈ [α0, 1]. 
Now, Theorem 5.1 is directly from Lemma 5.2 and Corollary 5.8.
6. Non-hyperbolic ergodic measures approaching a non-ergodic
measure with vanishing mean center Lyapunov exponent
We fix a sequence of continuous functions {g
i
}i∈N ⊂ C0(M,R), which determines
a metric d(·, ·) on the probability measure space on M : for any probability measure
µ and ν, we have the distance:
d(µ, ν) =
∞∑
i=1
| ∫ g
i
dµ− ∫ g
i
dν|
2i‖ g
i
‖
C0
.
Let f ∈ Diff1(M), consider a split flip flop configuration formed by a dynamically
defined cu-blender (Λ, U, Cuu,D) and a hyperbolic periodic orbit Oq. We fix a small
neighborhood V of the split flip flop configuration such that the maximal invariant
set Λ˜ of V is partially hyperbolic with center dimension one. The following result
allows us to get a sequence of periodic orbits in V satisfying the [GIKN] criterion.
Lemma 6.1. [BZ, Lemma 4.1] With the notation above. There exist two constants
ρ > 0 and ζ ∈ (0, 1), such that for any ǫ > 0 and any hyperbolic periodic orbit
γ which is homoclinically related to Oq inside V , there exists a hyperbolic periodic
orbit γ′ which is homoclinically related to γ in V satisfying:
• λc(γ′) > ζλc(γ);
• γ′ is a (ǫ, 1− ρ · |λc(γ)|) good approximation for γ.
Remark 6.2. (1) This result is true for any small neighborhood of the split flip
flop configuration;
(2) If f is partially hyperbolic with center dimension one, one can replace V by
M .
In this section, we show that any invariant measure supported on Λ˜, which is
approached by hyperbolic periodic measures of certain index and exhibits vanishing
mean center Lyapunov exponent, is approached by non-hyperbolic ergodic measures.
To be precise, we prove the following:
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Proposition 6.3. With the notation above. Given µ ∈Minv(Λ˜, f) such that∫
log ‖Df |Ec ‖ dµ = 0.
Assume that µ is accumulated by periodic measures whose support are periodic orbits
homoclinically related to Oq inside V .
Then µ is approximated by non-hyperbolic ergodic measures.
Proof. Let {Opn}n∈N be a sequence of periodic orbits such that δOpn converge to
µ and Opn is homoclinically related to Oq inside V . We denote by λn the center
Lyapunov exponent of Opn , then λn tends to 0.
Using Lemma 6.1 and [GIKN] criterion, we will prove that there exists a constant
c > 0, such that for each periodic measure δOpn , there exists a non-hyperbolic ergodic
measure νn satisfying:
d(νn, δOpn ) < c · |λn|.
We fix the periodic orbit Opn , then there exists an integer N large such that
4
∞∑
i=N+1
1
2i
≤ |λn|.
By the uniform continuity of g1, · · · , gN , there exists δ > 0 such that for any two
points x, y satisfying d(x, y) < δ, we have
|g
i
(x)− g
i
(y)| < |λn| · ‖ gi ‖ C0 , for any i = 1, · · · , N .
We choose a sequence of decreasing positive numbers {ǫi}i∈N such that
∑
ǫi < δ
and denote Opn as γ0n. Let ρ and ζ ∈ (0, 1) be the two constants given by Lemma
6.1. Assume that we already have a periodic orbit γkn which is homoclinically related
to Oq in V , then we apply γkn to Lemma 6.1 and we get a periodic orbit γk+1n such
that:
• λc(γk+1n ) > ζλc(γkn)
• γk+1n is a (ǫk+1, 1− ρ|λc(γkn)|) good approximation for γkn;
• γk+1n is homoclinically related to γkn inside V .
We denote by κi = 1 − ρ|λc(γin)|. By induction, we have that |λc(γin)| < ζ i|λn|,
which implies that
κi ≥ 1− ρ · ζ i · |λn|, for each i ∈ N.
Therefore, for any integer k ∈ N, we have the following estimate:
0 ≥
k∑
i=0
log κi >
k∑
i=0
2(κi − 1) ≥
k∑
i=0
−2ρ · ζ i|λn| > 2ρ
1− ζ λn.
Hence, we have that
k∏
i=0
κi ∈ (1 + 2ρ
1− ζ λn, 1),
which implies
∏∞
i=0 κi ∈ (0, 1].
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By Lemma 3.5, δγkn tends to an ergodic measure νn. Since the center Lyapunov ex-
ponent of γkn tends to zero when k tends to infinity, by the continuity of log ‖Df |Ec ‖ ,
νn is a non-hyperbolic ergodic measure.
On the other hand, by construction of γkn, we have that for any k ∈ N, the periodic
orbit γkn is a (
∑k
i=1 ǫi,
∏k
i=1 κi) good approximation for Opn . We denote by γ(n, k)
the subset of γkn corresponding to the one in Definition 3.4.
For any integer i ∈ [ 1, N ], we have the following:
∫
g
i
dδγkn =
1
π(γkn)
∑
x∈γkn
g
i
(x) =
1
π(γkn) · π(γ0n)
∑
x∈γkn
π(γ0n)−1∑
j=0
g
i
(f j(x)).
∣∣ ∫ g
i
dδγ0n −
∫
g
i
dδγkn
∣∣ = ∣∣∣ 1
π(γkn)π(γ
0
n)
∑
x∈γkn
π(γ0n)−1∑
j=0
g
i
(f j(x))− 1
π(γ0n)
∑
y∈γ0n
g
i
(y)
∣∣∣
=
1
π(γkn)π(γ
0
n)
∣∣∣ ∑
x∈γ(n,k)
( π(γ0n)−1∑
j=0
g
i
(f j(x))−
∑
y∈γ0n
g
i
(y)
)
+
∑
x∈γkn\γ(n,k)
( π(γ0n)−1∑
j=0
g
i
(f j(x))−
∑
y∈γ0n
g
i
(y)
)∣∣∣
≤ 1
π(γkn)π(γ
0
n)
(
π(γkn) · π(γ0n) · |λn| · ‖ gi ‖ C0
+ 2(1−
k∏
i=1
κi) · π(γkn) · π(γ0n) · ‖ gi ‖ C0
)
≤ |λn|‖ gi ‖ + 2(1−
k∏
i=1
κi)‖ gi ‖ C0
≤ (1 + 4ρ
1− ζ )|λn|‖ gi ‖ C0 .
Hence, for any k, we have that
d(δOpn , δγkn) =
∞∑
i=1
| ∫ g
i
dδOpn −
∫
g
i
dδγn |
2i‖ g
i
‖
C0
=
N∑
i=1
| ∫ g
i
dδOpn −
∫
g
i
dδγn |
2i‖ g
i
‖
C0
+
∞∑
i=N+1
| ∫ g
i
dδOpn −
∫
g
i
dδγn |
2i‖ g
i
‖
C0
<
N∑
i=1
(1 + 4ρ
1−ζ )|λn|
2i
+
∞∑
i=N+1
2
2i
≤ (1 + 4ρ
1− ζ )|λn|+ |λn|.
38 CHRISTIAN BONATTI AND JINHUA ZHANG
Then, by taking the limit for k tending to infinity, we get that
d(δOpn , νn) ≤ (2 +
4ρ
1− ζ ) · |λn|.
Since λn tends to 0 and δOpn tends to µ, the non-hyperbolic ergodic measure νn
tends to µ.
This ends the proof of Proposition 6.3. 
Remark 6.4. From the proof of Proposition 6.3, one can check that when f is par-
tially hyperbolic of center dimension one, one can take V to be M and the conclusion
of Proposition 6.3 still holds.
7. Proof of Theorem A and Proposition 2.7
In this section, we first give the proof of Theorem A, then using Theorem A, we
give the proof of Proposition 2.7.
7.1. Generation of split flip flop configuration and blender horseshoe. In
this subsection, we state results on the generation of blender in [BD2], [BD3].
Proposition 7.1. [BD3, Proposition 5.6] Let fbe a diffeomorphism with a heterodi-
mensional cycle associated to saddles P and Q with ind(P ) = ind(Q) + 1. Then
there is g arbitrarily C1 close to f exhibiting a cu-blender horseshoe Λg.
From Proposition 7.1, we can build blender from co-index one heterodimensional
cycle. To get heterodimensional cycle, we need the connecting lemma due to S.
Hayashi:
Theorem 7.2. [H] Let f ∈ Diff1(M). For any C1 neighborhood U of f , there
is an integer L = L(U) > 0, such that for any non-periodic point z, there exists
two arbitrarily small neighborhoods Bz ⊂ B˜z of z such that for any two points
x, y /∈ ∪Li=0f i(B˜z), if both forward orbit of x and backward orbit of y intersect Bz,
then there exists g ∈ U such that y = gn(x), for some integer n > 0.
7.2. Assuming minimality of both strong foliations: proof of theorem A:.
Now, we can give the proof of theorem A.
Proof of Theorem A. By Hayashi’s connecting lemma and the transitivity, there ex-
ists a dense subset of V(M) such that every diffeomorphism inside this dense subset
has a co-index one heterodimensional cycle. By Propositions 3.27 and 7.1, there
exists an open dense subset V˜(M) of V(M) such that for any f ∈ V˜(M), one has
that
• f has a cu-blender horseshoe(Λu, V u, Cuu,Du) and a cs-blender horseshoe
(Λs, V s, Css,Ds);
• f has a split flip flop configuration associated to a dynamically defined cu-
blender;
• f has a split flip flop configuration associated to a dynamically defined cs-
blender.
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Approaching non-hyperbolic ergodic measure by hyperbolic periodic mea-
sures: Take any hyperbolic ergodic measure µ and any non-hyperbolic ergodic
measure ν, We will prove that for any α ∈ [0, 1], αµ + (1 − α)ν is approximated
by periodic measures. By Proposition 3.8, the measure µ is approximated by hy-
perbolic periodic measures. Hence, we only need to prove it when µ is a hyperbolic
periodic measure. Assume that µ is a periodic measure with positive center Lya-
punov exponent (for the negative case, we can argue for the system f−1). Let Op
be the hyperbolic periodic orbit such that µ = δOp . By the minimality of the strong
stable foliation, Op is homoclinically related to Λu.
Take a generic point x of measure ν, by the minimality of strong stable foliation,
F ss(x) intersects W u(Op) in a point y. Then, we have that
lim
n→+∞
1
n
n−1∑
j=0
δfj(y) = ν and lim
n→+∞
1
n
n−1∑
j=0
‖Df |Ec(fj(y)) ‖ = 0.
By the minimality of strong unstable foliation and the strictly invariant property of
D, for any δ > 0, there exists an integer Nδ such that for any strong unstable disc
Duu of radius δ, we have that fNδ(D) contains an element of Du. Hence, for any
δ > 0 and any integer n ∈ N, one has that fNδ(W uuδ (fn(y))) contains a disc in D.
Now we can apply the arguments for Proposition 4.1 to Op and the point y, proving
that the invariant measure αµ+ (1 − α)ν is approximated by periodic measures of
index ind(p).
As a consequence, one gets that every non-hyperbolic ergodic measure is ap-
proached by periodic measures of indices i and i+ 1 at the same time.
By the minimality of strong foliations, any two hyperbolic periodic measures of
the same index are homoclinically related. As a consequence, for any two hyperbolic
periodic orbits γ1 and γ2 of the same index, one has that
{(1− α)δγ1 + αδγ2 : α ∈ [0, 1]} ⊂ Mper(f).
Hence for any two hyperbolic ergodic measures of same index, by Proposition 3.8,
their convex combination can be approximated by periodic measures of the same
index, which implies that Mi(f) and Mi+1(f) are convex sets.
Given two invariant measures µ, ν ∈ M∗(f), then µ and ν are approximated by
a sequence of periodic measures {δOpn} and {δOqn} of the same index respectively.
Then the convex combination {(1− α)δOpn + αδOqn : α ∈ [0, 1]} is contained in the
closure of the set of hyperbolic periodic measures. Hence, the invariant measure
(1 − α)µ + αν is accumulated by hyperbolic periodic measures, for any α ∈ [ 0, 1 ].
On the other hand, for any α ∈ [0, 1], we have∫
log ‖Df |Ec ‖ d((1− α)µ+ αν) = 0.
By Proposition 6.3 and Remark 6.4 , we have that (1−α)µ+αν is accumulated by
non-hyperbolic ergodic measure, that is,
{(1− α)µ+ αν;α ∈ [0, 1]} ⊂ M∗(f).
This proves that M∗(f) is a convex set.
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Since every non-hyperbolic ergodic measure is approximated by hyperbolic peri-
odic measures of index i and index i+ 1 at the same time, we have that
•
M∗(f) ⊂Mi(f) ∩ {µ ∈Minv(f), λc(µ) = 0};
•
M∗(f) ⊂Mi+1(f) ∩ {µ ∈Minv(f), λc(µ) = 0};
•
M∗(f) ⊂Mi(f) ∩Mi+1(f).
On the other hand, for any µ ∈ Mi(f) ∩ {µ ∈ Minv(f), λc(µ) = 0}, we have
that µ is accumulated by hyperbolic ergodic measures of index i. By Proposition
3.8, we know that µ is accumulated by hyperbolic periodic measures of index i. By
Proposition 6.3, the measure µ is accumulated by non-hyperbolic ergodic measures,
ie. µ ∈M∗(f). Hence, we have
Mi(f) ∩ {µ ∈Minv(f), λc(µ) = 0} ⊂ M∗(f).
Similarly, we can prove that
Mi+1(f) ∩ {µ ∈Minv(f), λc(µ) = 0} ⊂ M∗(f).
Besides, one can easily check that
Mi(f) ∩Mi+1(f) ⊂Mi(f) ∩ {µ ∈Minv(f), λc(µ) = 0};
and
Mi(f) ∩Mi+1(f) ⊂Mi+1(f) ∩ {µ ∈Minv(f), λc(µ) = 0}.
This ends the proof of the first item.
Proof of Item 2: Given ν ∈Mi(f), then there exists a sequence of periodic orbits
{Opn}n∈N of s-index i such that δOpn converges to ν. By the minimality of strong
stable foliation and Inclination lemma, for each periodic orbit Opn, one has that
• the stable manifold of Opn contains a disc in Vǫ0/2(Ds), where ǫ0 is the
strength of Ds;
• there exists a compact submanifold of ∆n of W u(Opn) such that each disc in
D
s intersects ∆n.
By Proposition 5.1, there exists an invariant measure µn supported on Λ
s such that
for any α ∈ [0, 1], we have that
αδOpn + (1− α)µn ∈ Mper(f).
Let ξ be an accumulation of µn, then for any α ∈ [0, 1], we have that
αν + (1− α)ξ ∈Mper(f).
Similarly, we can prove that for any invariant measure belonging toMi+1(f), there
exists an invariant measure supported on Λu such that their convex combination is
approximated by periodic measures.
We only need to take Ki = Λ
u and Ki+1 = Λ
s. Then the second item is satisfied.
This ends the proof of Theorem A. 
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7.3. C1-generic case: Proof of Proposition 2.7. As we know that all the ex-
tremal points of Minv(f) are ergodic measures. In general, a convex subset of
Minv(f) may have more extreme points. Under some assumption, we firstly show
that there exist extreme points of M∗(f) which are not ergodic. Recall that V˜(M)
is an open and dense subset of V(M) given by Theorem A.
Lemma 7.3. Given f ∈ V˜(M). Let µ and ν be two hyperbolic ergodic measures
of different indices. Assume that, for any α ∈ [0, 1], the measure αµ + (1 − α)ν is
approached by hyperbolic periodic measures.
Then there exists α0 ∈ (0, 1) such that:
•
α0µ+ (1− α0)ν ∈ M∗(f);
• the invariant measure α0µ+(1−α0)ν is an extreme point of the convex sets
M∗(f), Mi(f) and Mi+1(f).
Proof. Since the indices of µ and ν are different, there exists a unique α0 ∈ (0, 1)
such that ∫
log ‖Df |Ec ‖ d(α0µ+ (1− α0)ν) = 0.
Since α0µ+ (1−α0)ν is approximated by hyperbolic periodic measures, by the first
item of Theorem A, we have that
α0µ+ (1− α0)ν ∈ M∗(f).
Assume that there exist two measures µ1, µ2 ∈M∗(f) and β0 ∈ (0, 1) such that
(4) α0µ+ (1− α0)ν = β0µ1 + (1− β0)µ2.
Since M(f) is a Choquet simplex, by Equation (4) and the ergodicity of µ and
ν, µ1 is a convex combination of µ and ν. By the fact that λ
c(µ1) = 0, one has that
µ1 = α0µ+ (1−α0)ν, which implies that µ1 = µ2 = α0µ+ (1−α0)ν. This is proves
that α0µ+ (1− α0)ν is an extreme point of the convex set M∗(f).
Similarly, we can show that α0µ + (1 − α0)ν is an extreme point of the convex
sets Mi(f) and Mi+1(f).
This ends the proof of Lemma 7.3. 
Now, we are ready to give the proof of Proposition 2.7.
Proof of Proposition 2.7. By Theorem A, we know thatM∗(f),Mi(f) andMi+1(f)
are convex sets. By Theorem 3.10 in [ABC], there exists a residual subsetR of V˜(M)
such that for any f ∈ R, the closure of the set of periodic measures is convex, which
implies that the convex combinations of hyperbolic ergodic measures of different
indices are approached by hyperbolic periodic measures.
We will show that for any f ∈ R, none ofM∗(f),Mi(f) orMi+1(f) is a Choquet
simplex.
We take four hyperbolic ergodic measures µ1, µ2 ∈Mi(f) and ν1, ν2 ∈Mi+1(f).
We denote by
H1 = {(α1, α2, α3, α4) ∈ R4| αi is non-negative and Σ4i=1αi = 1}
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and
H2 = {(β1, β2, β3, β4) ∈ R4| β1λc(µ1) + β2λc(µ2) + β3λc(ν1) + β4λc(ν2) = 0}.
Since λc(µi) > 0 and λ
c(νi) < 0 for i = 1, 2, one gets that the hyperplane H2 is
transverse toH1. As a consequence, the intersectionH1∩H2 is a convex quadrilateral
whose vertexes are corresponding to four different invariant measures; Moreover,
each of them is a convex sum of two hyperbolic ergodic measures of different indices
among {µ1, µ2, ν1, ν2}. By the generic assumption, these four invariant measures are
approximated by hyperbolic periodic measures; hence by Theorem A, they belong
to the set M∗(f).
By the convexity of the set M∗(f), the diagonal of H1 ∩H2 intersects in a point
which corresponds to an invariant measure µ ∈M∗(f). By Lemma 7.3, the vertexes
of H1 ∩ H2 are extreme points of M∗(f). Hence, µ is the convex combination of
two different pairs of extreme points of M∗(f), which implies that M∗(f) is not a
Choquet simplex.
Similarly, one can show that neitherMi(f) norMi+1(f) is a Choquet simplex. 
8. Invariant measures for Man˜e´ ’s DA example: Proof of theorem B
In this section, we first recall Man˜e´ ’s DA-example, that is, what exactly the open
set W in the statement of Theorem B is. Then we give the proof the Theorem B.
8.1. Man˜e´ ’s DA-example. In [M1], by doing DA from a linear Anosov diffeo-
morphism on T3 whose center is uniformly expanding, R. Man˜e´ constructs an open
subsetW of Diff1(T3) such that for any f ∈ W, the following properties are satisfied:
• There exist a Df -invariant partially hyperbolic splitting
TT3 = Ess ⊕ Ec ⊕Euu
with dim(Ess) = dim(Ec) = 1,
• there exists a constant λ ∈ (0, 1) such that ‖Df−1|Euu ‖ < λ;
• There exist two hyperbolic periodic orbits of different indices;
• The center bundle Ec is integrable and the center foliation is minimal.
• There exist two open sets U and V , a constant τ > 1 and five positive
numbers ǫ1, · · · , ǫ5 such that
(1) V is a proper subset of U
(2) For any point x ∈ T3\V , we have that
‖Df |Ec(x) ‖ > τ ;
(3) Every strong unstable curve of length at least ǫ1 contains a strong un-
stable curve of length at least ǫ2 which is disjoint from U ; Moreover, we
have that λǫ1 < ǫ2;
(4) Every center plaque of length at least ǫ3 contains a center plaque of
length at least ǫ4 which is disjoint from V ; Moreover, we have that
τǫ4 > 2ǫ3;
(5) For every center leaf F c(x), every connected component of F c(x) ∩
(U\V ) has length larger than ǫ5; Moreover, we have that τǫ5 > ǫ3.
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By construction, the diffeomorphism f is isotopic to a linear Anosov.
R. Man˜e´ proved the followings:
Theorem 8.1. [M1, Theorem B] For every f ∈ W, the diffeomorphism f is robustly
transitive and non-hyperbolic.
Lemma 8.2. [M1, Lemma 5.2] Let f ∈ W. For any x ∈ T3, there exists y ∈ W uuǫ1 (x)
such that the forward orbit of y is contained in T3\U .
A recent result by R.Potrie [Po] implies that f ∈ W is dynamically coherent, that
is, there exist invariant foliations F cs and F cu tangent to Ess ⊕ Ec and Ec ⊕ Euu
respectively.
8.2. Proof of Theorem B. We deal with Man˜e´ ’s example separately because
we only know that strong stable foliation and center foliation are minimal. The
minimality of strong unstable foliation is still unknown.
The minimality of strong stable foliation is due to [BDU, PS]:
Lemma 8.3. [BDU, PS] There exists an open dense subset Ws of W such that for
any f ∈ Ws, the strong stable foliation is minimal.
The proof of theorem B strongly depends on the properties of W, ie. the DA
construction of Man˜e´ ’s example.
Proof of Theorem B. By Hayashi’s connecting lemma and transitivity, there exists
a dense subset of W such that every diffeomorphism in this dense subset has a
co-index one heterodimensional cycle. By Propositions 3.27 and 7.1, there exists
an open dense subset of W such that every diffeomorphism in this set has a split
flip flop configuration associated to a dynamically defined cs-blender. On the other
hand, by Lemma 8.3, there exists an open dense subset Ws of W such that the
strong stable foliation is minimal for any f ∈ Ws.
To sum up, there exists an open and dense subset W˜ of W such that for any
f ∈ W˜ , we have that:
• f has minimal strong stable foliation;
• f has a split flip flop configuration associated to a dynamically defined cs-
blender.
Now, we fix a Df strictly invariant strong unstable cone field Cuu around Euu on T3
such that Df is uniformly expanding along Cuu.
Non-hyperbolic ergodic measures approached by hyperbolic periodic
measures of index one.
We will prove that for any hyperbolic periodic measure of index 1 and any non-
hyperbolic ergodic measure, their convex combination is approximated by periodic
measures.
By construction, there exists δ0 > 0 such that Bδ0(V ) ⊂ U . We fix a hyperbolic
periodic point p of index 1, the size of local unstable manifold W uloc(Op) and the size
of local strong stable manifold W sloc(Op). By the minimality of the foliation F ss and
the fact that W s(Op) =W ss(Op), there exists a positive integer k such that
• the integer k only depends on the size of W sloc(p) and δ0;
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• for any x ∈ T3, f−k(W sloc(p)) intersects F cuδ0 (x) transversely, where F cuδ0 (x)
denotes the δ0 neighborhood of x in the leaf F cu(x).
Given a non-hyperbolic ergodic measure ν ∈Merg(T3, f), and consider the convex
sum αδOp + (1− α)ν, for α ∈ [0, 1]. Then for any α ∈ ( 0, 1 ], we have that
λc(αδOp + (1− α)ν) > 0.
We fix α ∈ (0, 1] and we denote by
λ′ = exp(−λc(αδOp + (1− α)ν)).
Lemma 3.7 provides two positive numbers L and d0, corresponding to the number√
λ′ and to the splitting Ess⊕(Ec⊕Euu), such that for any d ∈ (0, d0), we have that
any
√
λ′-quasi hyperbolic periodic d-pseudo orbit is L · d shadowed by a periodic
orbit.
We choose a number d ∈ (0, d0) such that L · d is small enough, whose precise
value would be fixed at the end. Then there exists an integer Nd such that
f−Nd(W uloc(Op)) ⊂W ud/2(Op) and fNd(W sloc(Op)) ⊂W sd/2(Op).
Now, we fix a point x in the basin of ν; Since strong stable foliation is minimal and
W uloc(p) is everywhere tangent to E
c⊕Euu, there exists a transversely intersection y
between the strong stable manifold of x and W uloc(Op). By the choice of y, we have
that
lim
n→+∞
1
n
n−1∑
i=0
δf i(y) = ν and lim
n→+∞
1
n
n−1∑
i=0
log ‖Df |Ec(f i(y)) ‖ = 0.
In the following, we will find a
√
λ′-quasi hyperbolic periodic d-pseudo orbit, with
large period, such that it spends almost 1− α proportion of its period to follow the
forward orbit of y and also spends almost α proportion of its period to follow the
periodic orbit Op.
Take ǫ < − log λ
′
16
small, then we have the following:
• there exists δ > 0 such that for any two points z, w ∈ T3 satisfying d(z, w) <
δ, we have that
−ǫ 6 log ‖Df |Ec(w) ‖ − log ‖Df |Ec(z) ‖ 6 ǫ;
• there exists an integer N such that for any n > N , we have the following:
−ǫ < 1
n
n−1∑
i=0
log ‖Df |Ec
fi(y)
‖ < ǫ and d( 1
n
n−1∑
i=0
δf i(y), ν) < ǫ/2.
For any C1 curve γ in T3, we denote by ℓ(γ) the length of γ.
We choose a C1 curve γn ⊂W c(y), centered at y, such that ℓ(γn) = δe−2nǫ. Now,
consider the set Sn which is the ℓ(γn) tubular neighborhood of W
uu
δ (x) in the leaf
F cu(x).
Similar to Claim 4.3, for n large enough, one has that
ℓ(f i(γn)) ≤ ‖Df ‖ iℓ(γn) < δ, for any i = 0, · · ·n.
PERIODIC MEASURES AND PARTIALLY HYPERBOLIC HOMOCLINIC CLASSES 45
According to this estimate and the choice of δ, we have that
ℓ(fn(γn)) =
∫ 1
0
‖ d
dt
fn(γn(t))‖dt ≥
∫ 1
0
e−nǫ
n−1∏
j=0
‖Df |Ec(fj(y)) ‖ ‖γ′n(t)‖dt ≥ δe−4nǫ.
Consider the connected component of fn(Sn) ∩ Bδ(fn(y)) which contains fn(y),
and we denote it as S˜n; then S˜n is a C
1 surface tangent to Ec ⊕ Eu satisfying that
• fn(γn) ⊂ S˜n;
• S˜n is foliated by curves tangent to Cuu, whose lengths are 2δ ;
• For any center plaque γ ⊂ S˜n joining the two boundary components of S˜n
which are tangent to Cuu, one has that ℓ(γ) ≥ δe−5nǫ.
Now, we will iterate S˜n to make it cut the local stable manifold of Op. By the
uniform expansion in the strong unstable direction, there exists an integer Nδ such
that for any curve Duu tangent to Cuu of length at least δ/2, we have that
ℓ(fNδ(Duu)) ≥ ǫ1.
Hence, fNδ(S˜n) is foliated by curves tangent to Cuu, whose lengths are no less than
4ǫ1. By Lemma 8.2, there exists z ∈ W uuδ/2(fn(y)) such that Orb+(fNδ(z)) is con-
tained in T3\Bδ0(V ).
We denote by Wn the connected component of f
Nδ(S˜n)∩Bδ/2(fNδ(z)) containing
fNδ(z). Let [·] denote the integer part of a number, we denote by
Tn =
[5ǫn + log δ0 − log δ +Nδ · log b
log τ
]
+ 1, where b > sup
x∈T3
‖Df−1(x) ‖ ;
Since for any point x ∈ T3\V , we have
‖Df |
Ec(x)
‖ ≥ τ,
hence fTn(Wn) contains a disc tangent E
c ⊕ Eu whose diameter is no less than δ0.
By the choice of k, fTn(Wn) intersects f
−k(W sloc(p)) transversely. We denote by
tn = 2Nd + k +Nδ + Tn.
To sum up, there exists a point w ∈ W ud/2(p) such that
•
fn+tn(w) ∈ W sd/2(p);
• the orbit segment {fNd(w), · · · , fn+Nd(w)} follows the orbit segment {y, · · · , fn(y)}
at a distance less than δ.
When we choose n large, we have that
tn
n
≤ 6ǫ
log τ
.
Moreover, we have the following:
∣∣ 1
n+ tn
n+tn−1∑
i=0
log ‖Df |Ec
fi(w)
‖ ∣∣ < ǫ,
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d(
1
n+ tn
n+tn−1∑
i=0
δf i(w), ν) <
6
log τ
ǫ+ ǫ.
Claim 8.4. There exist integers n and m arbitrarily large such that
• ∣∣mπ(p)
n
− α
1− α
∣∣+ 2Nd
n
< ǫ;
• the orbit segment {w, tn + n +mπ(p)} is a
√
λ′-quasi hyperbolic string cor-
responding to the splitting Ess ⊕ (Ec ⊕Euu).
Nd0 n+Nd n+ tn
mπ(p) + n + tn
staying close to the orbit of y staying close to the orbit of p
Figure 5.
The proof of the claim above is similar to the one of Claim 4.5. Once again,
by Lemma 3.7, we have a periodic orbit Op′ of index one which shadows the orbit
segment {w, tn + n+mπ(p)} in a distance L · d. Moreover, when d is chosen small,
one has that
d(δOp′ , αδOp + (1− α)ν) < c · ǫ,where c is a constant independent of ǫ.
By the arbitrary choice of α and compactness of the set {αδOp + (1 − α)ν|α ∈
[ 0, 1 ]}, the ergodic measure ν is approximated by hyperbolic ergodic measures of
index 1.
Convexity of the set M∗(f). Since any non-hyperbolic ergodic measure is ap-
proximated by hyperbolic periodic measures of index 1, we have that for any µ, ν ∈
M∗(f), both µ and ν are approximated by hyperbolic periodic measures of index
1. Since the hyperbolic periodic orbits of index 1 are homoclinically related to each
other, one has that
{αµ+ (1− α)ν;α ∈ [0, 1]}
is contained in the closure of the set of hyperbolic periodic measures of index 1.
Notice that αµ+(1−α)ν has zero mean center Lyapunov exponent, for any α ∈ [0, 1].
By Proposition 6.3 and Remark 6.4, we have that αµ + (1 − α)ν is approximated
by non-hyperbolic ergodic measure. Hence, we have that
{αµ+ (1− α)ν;α ∈ [0, 1]} ⊂ M∗(f).
This ends the proof of Theorem B. 
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